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Abstract. Suppose M is a complete n-dimensional manifold, n > 2, with a metric g^j{x,t) 
that evolves by the Ricci flow dtQij = —2Rij in M x (0,T). For any < p < 1, (pc^o) G 
M X (0,T), q G M, we deflne the £p-length between po and q, £p-geodesic, the generalized 
reduced distance Ip and the generalized reduced volume V^(t), t = to — t, corresponding to 
the /Ip-geodesic at the point po at time Iq. Under the condition Rij > —cig^^j on M x (0, to) 
for some constant ci > 0, we will prove the existence of a i2p-geodesic which minimize the 
Cp {q, T)-length between po and q for any t > 0. This result for the case p = 1/2 is conjectured 
and used many times but no proof of it was given in Perelman's papers on Ricci flow. Let 
g{T) = g{to — t) and let (t) be the rescaled generalized reduced volume. Suppose M also 
has nonnegative curvature operator with respect to the metric g{t) for any t G (0,T) and 
when 1/2 < p < 1, M has uniformly bounded scalar curvature on (0, T). Let < c < 1 
and let tq = min((2(l — p))^-^/^-^'P^^\to). For any 1/2 < p < 1 we prove that there exists a 
constant Aq > with Ao = for p = 1/2 such that e^^o'^V^(r) is a monotone decreasing 
function in (0,ti) where ti = (1 — c)ro if 1/2 < p < 1 and ti = to if p = 1/2. When 
(M, g) is an ancient K-solution of the Ricci flow, we will prove a monotonicity property of the 
rescaled generalized volume V^^(t) with respect to t for any 1/2 < p < 1. When p = 1/2, the 
i2p-length, i2p-geodesic, the Ip function and V^(t) are equal to the /I- length, /I-geodesic, the 
reduced distance I and the reduced volume V{t) introduced by Perelman in his papers on 
Ricci flow. We will also prove a conjecture on the reduced distance I and the reduced volume 
V which was used by Perelman without proof in [PI]. 



1991 Mathematics Subject Classification. Primary 58J35, 53C44 Secondary 58C99. 
Key words and phrases. Ricci flow, /^p-length, /2p-geodesic, existence of minimizer, Cp-cut point, 
generalized reduced distance, generalized reduced volume, monotonicity of generalized reduced volume. 



Typeset by ^;\^<S-TeX 



1 



Recently there is a lot of study on the Ricci flow on manifold by R. Hamilton [Hl-6], 
S.Y. Hsu [Hsl-5], G. Perelman [PI], [P2], W.X. Shi [SI], [S2], L.F. Wu [Wl], [W2], and 
others. We refer the readers to the lecture notes by B. Chow [Ch] and the book [CK] by 
B. Chow and D. Knopf on the basics of Ricci flow and the papers [PI], [P2] of G. Perelman 
for the most recent results on Ricci flow. 

In the paper [HI] R. Hamilton proved that if M is a compact manifold with a metric g 
that evolves by the Ricci flow 

^g,^ = -2Rij (0.1) 

where Rij is the Ricci curvature of 'g and 'gij{x, 0) = 'gij{x) is a metric of strictly positive 
Ricci curvature, then the evolving metric will converge modulo scaling to a metric of 
constant positive curvature. Similiar result was obtained by R. Hamilton [H2] for compact 
4-dimensional manifolds with positive curvature operator. Harnack inequality for the Ricci 
flow was proved by R. Hamilton in [H4]. 

Short time existence of solutions of the Ricci flow on complete non-compact Riemannian 
manifold with bounded curvature was proved by W.X Shi [SI]. Global existence and 
uniqueness of solutions of the Ricci flow on non-compact manifold was obtained by 
S.Y. Hsu in [Hsl]. Asymptotic behaviour of solutions of the Ricci flow equation on M? was 
proved by by S.Y. Hsu in [Hs2], [Hs3], [Hs4]. 

In [PI], [P2], G. Perelman introduced the concept of ^-length, £-geodesic, the reduced 
distance / and the reduced volume V{t) for Ricci flow on complete manifolds with pos- 
tive bounded curvature operator. G. Perelman found that these are very useful tools in 
studying Ricci flow on manifolds. He used these tools to proved many new properties for 
the Ricci flow in [PI], [P2]. These included the non-local collapsing theorem and the as- 
ymptotic convergence of a subsequence of the rescaled solution of an ancient K-solution to 
a soliton solution of the Ricci flow on complete manifold with postive bounded curvature 
operator. Recently R. Ye ([Yel], [Ye2]) extended the concept of £-geodesic, the reduced 
distance I and the reduced volume V{t) to manifolds with a lower bound on the Ricci 
curvature. 

In this paper we will generalize the notion of ^-length, /^-geodesic, the reduced distance 
/ and the reduced volume V{t) of G. Perelman. For any < p < 1, r > 0, we will define 
the Cp{q, r)-length, Lp{q, r)-length, £p-exponential map, £p-geodesic, and reduced volume 
Vp{t) and prove various properties of them in this paper. When p = 1/2, Cp{q, r), Lp{q, r), 
£p-exponential map, V^(t) are equal to the C{q, r), L{q, r), ^-exponential map, and V{t) 
defined by G. Perelman in [PI]. 

For any q G M, r > 0, we will prove the existence of a £p-geodesic which minimize the 
£p(q', r)-length. This result for the case p = 1/2 is conjectured and used many times in 
G. Perelman's paper on Ricci fiow [PI], [P2], but no proof of it is given in his papers. There 
is also no detail proof of this important conjecture in the recent book of J.W. Morgan and 
G. Tian [MT] and the paper of H.D. Cao and X.P. Zhu [CZ] on Ricci flow. My result is 
new and answers in affirmative the existence of such ^-geodesic minimizer for the Lp{q, r)- 
length which is crucial to the proof of many results in [PI], [P2]. We also prove that for 
any Cp{q, T)-length minimizing >Cp-geodesic there does not exists any >Cp-conjugate points 
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along the curve. 

One remarkable property of the reduced volume V{t), t = to — t, with respect to any 
point (poi^o) G M X (0, T) proved by G. Perelman is that it is a monotone decreasing 
function of r G (0,to)- Surprisingly in this paper we find that the generalized reduced 
volume Vp{t) with respect to any point {po, to) ^ M x (0, T) also has similar monotonicity 
property. Suppose M is complete and has nonnegative curvature operator with respect to 
the metric g{t) for any t G (0, T) and when 1/2 < p < 1, M has uniformly bounded scalar 
curvature on (0, T) . Let < c < 1 and let 

To = min((2(l -p))-^,to). (0.2) 

For any 1/2 < p < 1 we prove that there exists a constant > with = for p = 1/2 
such that e~^°'^Vp{T) is a monotone decreasing function in (0,ri) where ri = (1 — c)to if 
1/2 < p < 1 and Ti = to if p = 1/2. 

Suppose (M, g) is an ancient K-solution of the Ricci flow and g{T) — g{to — r) for some 
constant to < 0. Let tq > for 1/2 < p < 1 and tq = for p = 1/2. When 1/2 < p < 1, 
suppose also that (M, ^(r)) is compact. Let Vp{p) be the rescaled generalized volume. 
Then for any 1/2 < p < 1 there exist constants > 0, > 0, > 0, C2 > 0, such that 
g-w^(r,p)^T^p-j is a monotone decreasing function of r > tq for any p satisfying 



/ 1 \ 2p-i 
where W{t, p) = {Aop + A^p^P + A2p'^P-^e'^''^'^P)T. Moreover 

Note that when p = 1/2, one can take Aq = Ai = A2 = ^ and the result reduces to 
Perelman's monotonicity property for ancient K-solution of the Ricci flow [PI]. 

When (M, ^) is an ancient K-solution of the Ricci flow in (— oo,0) with uniformly 
bounded nonnegative curvature operator, then for any to < 0, po G M, < p < 1, 
T2 > Ti > we prove the existence of {qi}'^^ C M and {r^j^j^, ^ 00 as i — cxd, such 
that the rescaled Ip function lp*{q,T) converges uniformly on Bo{qi,r) x [ri,T2] as z — > 00 
for any r > where Bo{qi,r) is the geodesic ball of radius r > with respect to the metric 
9{to)- 

We will also prove a conjecture on the reduced distance / and the reduced volume V{t) 
used by Perelman without proof in [PI]. Suppose {M,g) is an ancient ^-solution of the 
Ricci flow with uniformly bounded nonnegative curvature operator such that g{t) is not a 
flat metric for any t < 0. If V (ti) = V {T2) for some T2 > n > 0, we prove that the reduced 
distance / G C°°(M x [ti,T2]) and g{T) — g{to — r) is a shrinking soliton in M x [n, T2\. 

The plan of the paper is as follows. In section 1 we will use a modification of the 
technique of [PI] to prove the first variation formula for the T)-length. We will also 
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prove the existence of a £p(g, T)-geodesic minimizer for the Lp(q', T)-length. We will prove 
various properties of the £p-exponential map and £p cut locus in section 2. In section 3 
we will prove the second variation formula for the Lp (g, r)-length. We will prove various 
properties of the Lp (g, r)-length, the generalized reduced distance Ip and the generalized 
reduced volume Vp{T). In section 4 we will prove the monotonicity property the generalized 
reduced volume V^(r). In section 5 we will prove the monotonicity property of the rescaled 
generalized reduced volume V^^(t) with respect to r. In section 6 we will prove a conjecture 
on the the reduced distance and the reduced volume used by Perelman without proof in 

[PI]- 

We first start with a definition. Let (M, g) be a Riemannian manifold with the metric g 
evolving by the Ricci flow (0.1) in M x (0, T). Let {po, to) e M x (0, T). For any < t < to, 
let T = to — t and 

9ir)=g{to-T). (0.5) 

Let R{q,T), Rij{q,T), R{Xi, X2)X3{q,T) and Rm{q,r) be the scalar curvature, Ricci cur- 
vature, curvature and Riemannian curvature of M at g with respect to the metric g{T) 
and Xi, X2, X2, G TqM. For any < p < 1, 9 ^ T G (0, to), and piecewise differen- 
tiable curve 7 : [0,t] — > M joining po and q with 7(0) = po and 7(t) = q, we define the 
(g, T)-length of the curve 7 between po and q by 

>C^°(9,7,t) = rr^(i?(7(r),T) + |7'(r)p)dr 
^0 

where |7'(t)| = |7'(t) Let J-'P°{q,T) be the family of all piecewise differentiable curves 
7 : [0,t] — >• M satisfying 7(0) = po and 7(r) = g, 

L^o(g,T)= inf £^°(g,7,T), 

and let 

L?,°(q,T) 

;^°(g,r) = (l-p)^^ (0.6) 
be the generalized reduced distance. Let 

Jm 

be the generalized reduced volume corresponding to the >C^°(-, T)-length with respect to 

{po, to). Then (g, r) = If (g, r) and VP° (t) = Vf° (r) are the reduced length and reduced 

2 2 

volume of Perelman [PI]. Let U'°{q,T) = Lf{q,T). When there is no ambiguity, we will 

2 

drop the superscript po- 

Let go G M and < Tq < to- For any < p < 1, g G M, r G (ro^to), and piecewise 
differentiable curve 7 : [to,t] — > M joining go and g with 7(to) = go and 7(t) = g, we 
define the p(g, r) -length of the curve 7 between go and g by 

^lp{<in,r) = rTnRil{r),T)+\y{T)\')dT. 

J To 
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Let y^T^°{q, t) be the family of all piecewise differentiable curves 7 : [tq, r] — > M satisfying 
7(to) = qo and j{t) = q and let 

For any r > 0, < r < to, we let Br{q.,r) be the geodesic ball of radius r in M around 
the point q with respect to the metric ^(r). For any v G Tp^M, we let 

B{v, r) = {v' e Tp^M : \v - f'|g(po,o) < '^j- 

We also let dT{qi,q2) = '^g(r)('7i7 ^2) be the distance between qi and q2 with respect to 
the metric g{T). For any < t < to and measurable set E G M with respect to the 
metric 5'(r), we let mr{E) be the measure of E with respect to the metric gir). We let 
ciVp(T-)(g) = y/ g{q, T)dq be the volume form of the metric ^(r). 

Let K > 0. A Ricci flow {M,g) is said to be K-noncoUapsing at the point {q\ t') on the 
scale ro > [PI] if VO < r < ro, 

Volg(,,)(%i,)(9',r))>«r- 

holds whenever 

|Rm| (5, t) < r"^ VcZ5(t/) (9', q) <r,t' -r^ <t <t' 

holds where B-g(^ii^{q' ^r) is the geodesic ball of radius r in M around the point q' with 
respect to the metric g{t'). A Ricci flow {M,g) is said to be an ancient K-solution if it 
is a solution of the Ricci flow in M x (—00, 0] such that for each t < the metric 'g{t) is 
not a flat metric, {M,'g{t)) is a complete manifold of nonnegative and uniformly bounded 
curvature, and {M,g{t)) is K-noncoUapsing on all scales at all points of M x (—00, 0]. 

We will assume that M is complete with respect to g{t) for any < t < T for the rest of 
the paper. Unless stated otherwise we will fix the point {po,to) and consider the Cp{q,T), 
Ipiq^r), etc. all with respect to this fixed reference point. We also associate the product 
manifold M x (0, to) with the product metric gdx^ © dr^. 

Section 1 

In this section we will use the technique of [PI] to prove the first variation formula for 
^piq^ I1 ^) for ciny curve 7 : [0, r] ^ M joining po and q with 7(0) = po and 7(t) = q. We 
will prove the non-trivial fact that the Lp{q, r) length can be realized by some £p-geodesic 
on M. We will let < -, ■ >g(r) be the inner product with respect to the metric g{r). When 
there is no ambiguity, we will write < •, • > for < •, • >g(r)- 

Lemma 1.1. Let 7 G J-'{q,T) and let Y : [0,r] TM be a vector field along 7 with 
Y{0) — 0. Suppose 7 is differentiable on [0, r]. Then 

SyCpiq, 7, r) = 2tP < X{t), Y{t) > + [ <Y,VR- —X - 2VxX - 4i^^c(X, ■) > dr 

Jo T 

(1.1) 
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where X = X{r) = Y{t) and the inner product in the integral is evaluated at r. 

Proof. Let / : [0,t] x (—£,£) — > M be a variation of 7 with respect to the vector field Y 
such that /(O, z) = po for all z e (—£,£). Then 

J^^p{f{%z)j{-,Z),T) 
= ^J\^{RifiT,z),T)+\Vrf\')dT 

= f rP{< VJ, VR>+2< Vrf, V.Vrf >) dr 
Jo 

= f rP{< VJ, VR>+2< Vrf, VrVJ >) dr. (1.2) 
^0 

tP{< V,/, VR>+2^< Vrf, V./ > -2 < VrVrf, > -4Ric(V,/, V,/)) dr 



--2tP <Wrf{T,z),WJ{T,z)> 



Jo 



+ I tP< VJ, VR - ^Wrf - 2VrVrf - 4Ric(V,/, ■) > dr. (1.3) 



By putting ^ = in (1.3), (1.1) follows. 

Let So = tl~^. For any < s < Sq, po e M,j e J^P''{q,s), < s < let R{q, s) = 
R{q,s^), 

£f (q,7,s) = [\s^^R{^{s),s) + (1 -p)2|f (,)|2) ds 

^ ~ P Jo 

where |7'(s)| = |7'(«) lg(si/(i-P)) and let 

Then by direct computation, 

£^°(g,7,T)=£^°(g,7,T^-^) V7e-FP°(g,T) (1.4) 

where 

7(s)=7(t),5 = t^-^ (1.5) 

Hence 

L^°(g,T) = L^«(g,Ti-^). (1.6) 

We will now let g{q,s) = g{q,T), R{q,s) = R{q,T), Ric(g, s) = Ric(g, r), and r[^ (g, s) = 
r^^ (g, s) where s = t^~p for the rest of the paper. When there is no ambiguity, we will 
drop the superscript pq. 
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Lemma 1.2. Let 7 e ^{q, s) and let Y : [0, s] — > TM be a vector field along 7 with 
Y{0) = 0. Suppose 7 is differentiable on [0,s]. Then 

1 r, ^ 



[ {s^Y{R) + 2{1 - pf < X,V^Y >)ds 
Jo 



1 - P Jo 
=2{1 -p)<X{s),Y{s)> 

+ - / <Y, s^VR - 2{1 - p)^V j^X -4:{l-p)s^Ric{X,-) > ds 

i--pJo (17) 

w/iere X{s) = 7'(s), ^(s) = R{j{s),s), Rfc{s) = ^(7(5), s) anc? V = V^^^ mt/i s = 

Proof. Let / : [0,s] x (— £, e) — > M be a variation of 7 with respect to the vector field Y 
such that /(O, 2) = po for aU 2; G (— £, e). Since 

d ^ , . d , . (ir 2 v 7^ / \ / o\ 

^9ij{Q,s) = ■^9zj{Q,r) ■ ^ = j— ^s^-^ i?^ (9, s) (1.8) 

where s = r-^"^, we have 

^Cp{f{s,z)J{-,z),s) 

l\s^^ < V J, > +2(1 - pf < Vsl V,V J >) ds 
Jo 

[\s^ < VJ.VR > +2(1 < VJ,V,VJ>)ds 
Jo 

< Vj,VR > +2(1 -pf 

- -^s^mciVsf, V J)l ] ds 
i-p J J 

=2{l-p)<Vsmz),vJ{s,z) > 

+ 7^ r<Vj,s^V^-2(l-p)2v,Vj-4(l-p)sT^Ri^(Vj,-)> ds 
^-PJ^ (1.9) 

Putting 2; = in (1.9) we get (1.7) and the lemma follows. 

From Lemma 1.1 and Lemma 1.2 it is natural to define the following. We say that a 
curve 7 G J^{q, s) is a £p-geodesic at s G (0, s) if it satisfies 





1 


1 


-p 




1 


1 


-p 




1 


1 


-p 



ds 



at s where X{s) = 7'(s) and V = V^^'^) with r = . We say that it is a >Cp-geodesic in 
(0, s) if it satisfies (1.10) in (0,s). Similarly we say a curve 7 e J^{q,T) is a >Cp-geodesic at 
T e (0, r) if it satisfies 

VxX -lvR+-X + 2Ric{X,-)^0 (1.11) 

2 T 

at T where X{t) = Y{t). We say that 7 is a £p-geodesic in (0,r) if it satisfies (1.11) 
in (0,r). Note that when p = 1/2, the >Cp-geodesic is equal to the £- geodesic defined by 
Perelman in [PI]. 

Remark 1.3. By direct computation 7 e J-'{q, r) is a Cp-geodesic atrE (0, r) if and only 
if'jE J-'{q,s) is a Cp-geodesic at s & (0,s) where 7, 7, s and r are related by (1.5) and 
s = T^~^. Moreover 

7'(0) = -^limTV(T). (1.12) 

1 — P T^O 

Lemma 1.4. For any v G Tp^^M , there exists a unique solution 7(5) = 7^t(s) = l{s]v) of 
(1-10) in (0,so) 'UJith 

7 (0) = V 

/or some constant sq G (0, tg"^] where (0, sq) is t/ie maximal interval of existence of the 
solution. If sq < t]^~^ , then 

lim_ rfo(po,7(s)) = oo- (1-14) 

If the Ricci curvature of M is uniformly hounded on (O,to]j then sq = tg"^- 

Proof. Uniqueness of solution of (1.10) satisfying (1.13) follows by standard O.D.E. theory. 
Hence we only need to prove existence of solution of (1.10) satisfying (1.13). We will use a 
continuity argument similar to that of section 17 of [KL] to prove the existence of solution 
of (1.10) satisfying (1.13). We first observe that by standard O.D.E. theory there exists a 
constant s'q G (0, tg"^) such that (1.10), (1.13), has a unique solution 7(5) in (0, Sg). Let 
(0, So) be the maximum interval of existence of solution 7(s) of (1.10) and (1.13). Then 
So < ^o~^- If So = tQ~^, we are done. So we suppose that sq < tl~^. We claim that (1.14) 
holds. Suppose not. Then there exist constants si G (0, sq) and Ci > such that 

doiPo, lis)) < Ci Vsi < s < SQ. (1.15) 

Let 

ro = sup do{po,^{s)). 

0<s<so 

By (1.15) ro < 00. Since Bo{po,ro) x [0,5^-^"^^] is compact in (g, r) G M x [0, to) when 
M is equipped with the metric ^(0), there exists a constant Ki > such that 



(1.16) 



on iq,T) e Boipo,ro) x [0,5^^' Then by (1.10) and (1.16), 



d_ 
ds 



XI 



2 < X,V^X > 



1 — p 



s^mc{x,x) 



< X. 



— ^— tts^ vi? - -^s^mdx, •) > +-^s^mc(x, X) 
(1 — p)^ 1 — p 1 — p 



< 



1 2p ~ ~ 



(1-p) 



2 ^ 

+ Si-J 

1 -p 



Ric(X, X) 



2p 



<A^Kx{s—\X\^s—\X\ 



3p 



<Ci(2sT^|X|2 + (s^/4)) VO<s<so. 
where Ai = max((l -p)~2,2(l -p)~^) and Ci = Aii^i. Hence VO < s < sq, 



,-C2si- 



(|^T|^ - Cse^^''-" s^) < \X{s)\'' < e 



l+2p , 



l+2p , 



+C3S 1-^- ) 



(1.17) 



where C2 = 2(1 -p)Ci and C3 = C2/(8(l + 2p)). By (1.17) and standard O.D.E. theory 
there exists a constant £0 ^ (0, tl~^ — sq] such that we can extend 7 to a solution of (1.10), 
(1.13), on (0, So + £o)- This contradicts the maximahty of sq. Thus (1.14) holds. 

If the Ricci curvature of M is uniformly bounded on M x {0,to\, then by the local 
estimates for the solutions of Ricci flow [SI] and a similar argument as before we will get 
a contradiction if sq < tg"^- Hence sq = tg"^ the lemma follows. 

By Remark 1.3, Lemma 1.4, and (1.12), we have 

Corollary 1.5. For any v e Tp^M, there exists a unique solution 7(t) = 7t,(T) = ^{t;v) 
of (1.11) in (0, To) with 

( 7(0) = Po 



] limTV(^) 



(1.18) 



k T->0 



for some constant tq G (0, tQ~^] where (0, To) is the maximal interval of existence of the 
solution. If Tq < t\~^ , then 

lim_ (io(po, 7(''')) = 00. (1-19) 

If the Ricci curvature of M is uniformly bounded on [0,to), then tq — to. 

We will now prove that the Lp (g, T)-length can be realized by some >Cp(g, T)-geodesic in 
M. We first recall a lemma of [Yel]: 
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Lemma 1.6. (Lemma 2.1 of [Yel]J If there exists a constant ci > such that 

Ric{q,T) > -cig{q,T) on M x [0,t], (1.20) 

then 

e-^^'^giO) < g{T) < e^"'^^'^^ g{T) on M x [0,t]. 
If there exists a constant C2 > such that 

Ric{q,T) < C2g{q,r) on M x [0,r], (1.21) 

then 

g2c2(T-r)^(^) < g{T) < e^^^^gi^)) on M x [0,t]. 

Lemma 1.7. Suppose there exists a constant ci > such that (1.20) holds. Then for any 
7 e J^{q,T), 

>Cp(g,7,r)>-^r^+^ + ^^T^^^^^^o(7(ri),7(r2))' VO < n < r2 < r. (1.22) 

P+1 T2 ^-Ti ^ 

Proof. By Lemma 1.6 and the Holder inequality, 

— ClT 



iy(r)|,(o)rfrJ <^ Wir)\drj 

< [ \^\l'iT)\^dT- I \-PdT 

— / rPh'(T)\^dT VO < n < T2 < r. 

1 - P io I 



1—p 1~P /"T 

r^'|7'(T)|^dT VO < n < T2 < r. 

(1.23) 
By (1.20), 

rPRi^ir), T)dT > -^^rP+\ (1.24) 
By (1.23) and (1.24) the lemma follows. 

Lemma 1.8. Let tq > 0. Suppose there exists a constant C2 > such that (1.21) holds in 
Bo{po,ro) X [0,t]. Then 



C2n „+i , e^^^T do{po,q) 



2 



Lp(g,T)<^TP+^+ ^7:;^ V9eSo(po,r-o),0<T<T. (1.25) 

p + 1 p+lr^P 

Proof. Let g G i?o(po7 '''o)? ^ (O^^]? ^^^d let 7 : [0, r] ^ M be a minimizing geodesic 
joining pq and g with respect to the metric g{0) with |7'|g(o) = do{po, q)/T on [0, r]. Then 
by Lemma 1.6, 

L,(g,r) <£p(g,7,T) < ^t^+' + e^^^ ^ V|7'(p)l^(o)rfp 



>+l p+1 T^-f 

and (1.25) follows. 
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Lemma 1.9. Let 7 : [0, s] — > M 6e a continuous curve satisfying 



I |7'(s)|^ds < 00 
Jo 



(1.26) 



where |7'(s)| = \l'{s)\g(^s) O'^'^d let Y{s) ^ be a smooth vector field along 7. Then there 
exists a variation f : [0,s] x [—£,£] -^Mof^ with respect to Y{s) and a constant C > 
such that 



dl 
ds 



{s,z) 



+ 



V.I f )(.,.) 



< C(|7'(s)|^ + |V^y(s)r) V|^| < e and a.e. s e (0,s) 

(1.27) 



where X[s) — 7'(s) and 



lim I <^{s,z),v4^){s,z) > ds^ I <X,W^Y>ds. (1.28) 



2^0 



ds 



ds 



Proof. For any s G [0, s], let I3{z, s) = I3{z, 7(s), Y{s)) be the geodesic with respect to the 
metric g{s) which satisfies 

/?(0,s) = 7(s) 

^^{0,s)=Y{s). 

Let f{s,z) = /?(z,7(s),y(s)). By the same argument as the proof of Proposition 2.2 of 
Chapter 9 of [C] there exists a constant £0 > such that for any < e < Eq f is well 
defined on [0,s] x [—£,£] and is a variation of 7 with respect to Y{s). We claim that 
there exists a constant < £ < £0 to be determined later such that / satisfies (1-27) and 
(1.28). Since /([0,s] x [—£,£]) is compact, there exists a finite family of co-ordinate charts 
{(t/j, 0j)}^!Li such that /([0,s] x [—£,£]) C U-^^t/i. Without loss of generality we may 
assume that f{[0,s] x [-£,£]) c U^. We write /? = . . .,/?"), / = {f\f^ . . .,/-), 

7(s) = (a^(s), a^(s), . . . , a"'(s)), and Y{s) = h'^{s)d/dxi in the local coordinates (C/i,0i). 
Then 

^ + ^) = V|^| < £, < s < ^, /c = 1, 2, . . . , n. (1.30) 

Let 

E{z,s) = 9ki{p{z,s),s)-^ — . 

By (1.29), 



£;(0,s) = |y(s)|^ < max_|F(s)|2 = Ci (say) (1.31) 

0<s<s 
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By (1.30), 



dE 




dz 





^9kl — TT-^ + 



<2 



9kl 



dz dz"^ dxm dz dz dz 

3(3' 3(3^ 3(3^ ~, 



dz dz dz 



+ 



dgu d(3'^ 313^ 3p' 



dxm. dz dz dz 



<ciE-^ 



y\z\ <e,0<s<s 



(1.32) 



for some constant C2 > 0. Let s = mm{l/{C^ C^),So). Then by (1.31) and (1.32), 



1 



1 



1^1 

E{z, s) < ACi 



< -^\z\ < -^e 



r^2 



^1 



Vlzl < £,0 < s < s 



V|^| < £,0 < s < s 

V|z| < £,0 < s < s. 

(1.33) 



Let 

and let 
By (1.26), 



df3 

«;(.,.) = - 



F{z,s) = \w\^ + \Vzw\ 



ds 



e L'^{0,s) G L\0,s) Vz= l,2,...,n. 



By standard theory on analysis for any i = 1,2, ...,n, there exists a set Ei C [0, s] 
of measure zero such that da^/ds is continuous on (0,s) \ Ei. Let Eq = iSf^^Ei and 
^0 = (0, s) \ Eq. Then |i?o| = and dd^ /ds is continuous on ^0 for alH = 1, 2, . . . , n. 
We write V ^Y{s) = c^{s)d/dxi in local coordinates. Then 

c\s) = ^ + 6^-^r^.(7(.), s) VO < . < ^, /c = 1, 2, . . . , n. (1.34) 

By (1.26) and (1.34) Vj^F(s) G ^^^(O,^) and Vj^F(s) is continuous on Aq. Differentiating 
(1.30) and (1.29) with respect to s e Aq, 



=V,V, 



dl_ 
'd'z 



dp 



,dp_ dp_ dp 
ds^ dz dz 



dp dp_ 
dz dz 



holds for any \z\ < £, s e k = 1,2, ... ,n and 

w{0, s) = 7'(s) Vs e Aq 

Vzw{0, s) = V y (s) \/seAo. 
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(1.35) 



(1.36) 



Then by (1.33), (1.35), (1.36), and Holder's inequality. 



dF 




dz 


=2 





< W, V zW > + < VztU, Vz VztU > 

<F + 2 



_ ~, d(3^d(3 



~ dp d/3 



<F+\Vzw\ + 
<C3F y\z\<e,seAo 
F{z, s) <e^3^F(0, s) < e^'-'%\^'{s)\^ + \V^Y\^) 



holds for any \z\ < s and s E Aq where C3 > is a constant. Hence (1.27) follows. By 
(1.27) and the Cauchy-Schwarz inequality. 



<C(|7'(s)|" + |V;fi'|') V\z\<E,seA„. (1.37) 



Since both 7'(.s) and Vj^y are continuous at s for any s G Aq, by (1.35), (1.36), and the 
continuous dependence of solutions of O.D.E. on initial data, VzW is continuous at {z, s) 
for any s E Aq and \z\ <e. Hence 



Vz ( (5, z) = v/|^ ) (s, ;^) V|^| < £, s e Ao. 



(1.38) 



Since by (1.38) 



<^{s,z),Vz{^^{s,z)>^<X,V^Y > asz^O Vs e ^0, 

by (1.37) and the Lebesgue dominated convergence theorem (1.28) follows. 

Theorem 1.10. Let r e (0,to) cif^d s = r-^"^. Suppose {M,g) satisfies (1.20) for some 
constant ci > 0. Then for any q e M, there exists a Cp-geodesic 7 e C^([0, s])nC°°((0, s]) 
stic/i i/iat 7(0) = pq, 7(1) = Qf, and 



Lp{q, s) = Cp{q,-f,s). 

Proof. Choose a sequence of curves {7i}^i C J-'{q,s) such that 

^3(9, 7i) s) < Lp{q, s) + 1 Vz e Z+ 

and ^ ^ 

Lp{q,s) = Hm Cp{q,ji,s). 

I — >C!0 

13 



(1.39) 



(1.40) 
(1.41) 



Let 7i(T) = 7i(s), r = s^^^^ By Lemma 1.7, (1.4), (1.6) and (1.41) there exist constants 
K = K{t, Lp{q,T)) > and Ci > independent of z e Z+ such that 

do{po,ltis)) < K VO<s<s,zgZ+ 

(1 42) 

do{ii{s)nM)<Ci\s-s'\'/^ ys,s' e[0,s],iez+. 

Hence the sequence of curves {7i}i^i are uniformly Holder continuous on [0, s]. Since M is 
complete with respect to ^(0), Bo{po,K) is compact. By the Ascoli Theorem there exists 
a continuous curve 7 : [0,s] -60(^0, K) such that 7^ converges uniformly to 7 on [0, s] as 
i — > 00. Then 7(0) = po and 7(5) = q. Letting z — > 00 in (1.42), 

do{po,7{s)) < K VO<s<s 
do{^{s),^{s'))<Ci\s-s'\^/^ Vs,s'e [0,1]. 

Hence 7 is uniformly Holder continuous on [0, s]. By Fatou's Lemma and Lemma 1.6, 

^piQ,!,^) < lim Cp{q,%s) = Lp{q,s) 
=^ Lp(9,s) =£p(?,7,s) and |7%(o) G l2(0,s). (1.43) 



We now claim that 7 G C°°([0, s]). Since Bq{pq, K) is compact, there exists a finite family 
of co-ordinate charts {(0fe, -Bo(gfe, Tfe)}^Li such that Bq{pq,K) C U^^iSo(gfe, ■?'fe)- Let 

Ik = h{l) = {se [0,s] :7(s) GSo(gfc,rfe)} Vfc = 1, 2, . . . , /cq. 

Then is relatively open with respect to the interval [0,s] for all k = 1,2, ...,A;o and 
[0, s] = U^^j^/fc. For any /c = 1, 2, . . . , /cq, s G /fe, we write 

cl^k{l{s)) = {al{s),al{s),...,al{s)) 

in the local coordinates {(f)k, Bo{qk,rk))- When there is no ambiguity, we will drop the 
subscript k. To prove the claim we fix one A;G{1,2,...,A;o}. Then 



By (1.43), 



Let 



^^,(7(^),0)^^GLi(4) ^ ^^^'^^^) Vi = l,2,...,n. (1.44) 

Y{s) = V{s) ^ 
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dxj 



be a smooth vector field along 7 such that y(s) = for any s ^ Ik- Since 7 is a 
of Lp{q, s) and by (1.43) 7 satisfies (1.26), by Lemma 1.9, Lebesgue dominated convergence 
theorem and an argument similar to the proof of Lemma 1.2, 



2p 



Ik 



{s^Y{R) + 2{l-py <X,W^Y >)ds = 



f ^ daW 

J Ik ^'"^ ds V ds 

j 



da'' ( dV , , da^ ~ 



ds 



j ds 


< c 


I 









s^-pir — — r ds 



doJ^dV 
ds ds 



ds 



< 



da'' , da* 



n „ 

+ CV / \¥\ds. 

ft 4 



(1.45) 



(1.46) 



< C max 116-' I 
i<i<n. 



Since by (1.44) and the Cauchy-Schwarz inequality, 

da' , da* 

gir 

'Ik 

where J = U^^^^supp 6^, by (1.46) we have 

_ da' db^ ■ da' dd^ 

gir-; — <C max 6^ 00 / 9ir-i--r 
ds ds i<j<n ./ 7 ds ds 



00 I yir 



da' doT 

fi'Zr ^ ^ ds 



ds ds 



ds + C'Y^ / \^\ds- (1.47) 

j=i 



We now choose (p G C°°(R), < < 1, such that (f){s) = 1 for aU s < and (f){s) = for 
all s > 1. For any /i > let 0/i(s) = (f){s/h). Since 



/ (/)'(s)ds = -1, 



by (1.44) and standard theory in analysis [St] there exists a set C Ik of measure zero 
such that 



lim 1 ^{s)4>'{{s' - s)/h) ds = -^{s') W eIk\Ek 
h-*Q+ h Js'-h ds ds 



da^ 



da^ 



(1.48) 



{s)(P'{{s - s')/h) ds = --^{s') Vs' e 4 \ Ek. 



Let s'q E Ik\ Ek. Without loss of generality we may assume that s'q ^ 0,s. By continuity 
of 7 there exists a constant < £ < Sq/2 such that 

7(s) e Bo{qk, Tk) Vs e /£(so) = (sq - £, + e) C 4. 
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Let si,S2 e -fe/2(so) \ be such that si < S2 and let £i = (s2 — si)/3. Putting 

b'\s) ^g'^^{^{s),s)(i)h2{s - S2)(j)hA^i -s) Vr = 1,2, ...,n 
in (1.47) where < hi,h2 < Si we get 

da^ , . , IT' rfa^ 



1 



<c 



9lr — —ds + C{S2 - Si + hi+ h2) 

Si— hi 



+ 



ds ds 

S2 + h2^ ^rl ^^l 

ds ds 



rS2-\-n 
J si—hi 



gir 



0/i2(s - 52)0/11 (Si - s) 



<c 



„ da^ da^ ^ ^. I. I. ^ 

gir-J--J-ds + C{S2 - Si + hi+ h2) 

s^-hi ds ds 

s2+h2 /^~ri dg^^da^\da^ , , , 

+ — — 1 —(Ph2 - S2)<phi (si - s) ds 



+ 



rS2+h2 / ^ 
J a\—h\ \ 



ds dxj ds J ds 



<C 



9lr 

si-hi 

„ do} da"- ^ ^. I. I. ^ 

gir-J--J-ds + C{S2 - Si + hi+ h2) 

s^-hi ds ds 



+ 



1 — p 



S^grl9''^RijW^-^4>h2{s - S2)4'hi{si - s) ds 



<c 



Si — hi 

''+^^ „ da^ da"- ^ ^. I. I. ^ 

gir-J--J-ds + C{S2 - Si + hi+ h2) 

s^-hi ds ds 



(by (1.8)) 



+ C(s2-Si + /ii+/i2)'/'(^^ 



^ da' da^ , \ 
gir-; — :i-ds 
s^-hi ds ds ) 



<c 



'^+^' ^ da^ da"^ ^ ^, r_ r_ s 

9ir — —ds + C{S2 - Si + hi + h2). 

Si— hi 



ds ds 

Letting /ii ^ in (1.49), by (1.26), (1.44), and (1.48), 

da' 



(1.49) 



ds 



<C Vsi e 4/2(4) 



(1.50) 



for some constant C > 0. Hence letting hi, /i2 ^ in (1.49), by (1.26), (1.48), and (1.50) 
we have 

do' do' 

^(«2)-^(si) <C\S2-Si\ ySi,S2eIe/2is'o)\Ek. (1.51) 

We now choose < t] E Co°(M) such that rj{s) = for any |s| > 1 and J^vds = 1. For 
any /i > 0, sq € Ik, let r]h{s) — r]{s/h)/h and 



a *r]h{so)^ / a [sq - s)r]his) ds. 
Jr 
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For any sq G /e/2(so), we choose a sequence {so,i}i^i C Is/2{sQ)\Ek such that hmi_»oo so,i 
sq. By (1.51) {cia-^(so,i)/c?s}^i is a Cauchy sequence. Hence 



hm ^(so,i) 
i—>-oo as 



exists. Let 



f{so) = hm -1— (so,i) Vso e ^I-Sq)- 

^—^oo as 



By (1.51) / is well defined on /e/2(-So). We now claim that G C^{Is/2{so)) with da^/ds 
f on /e/2(so)- To prove the claim we observe that by (1.51) 



-^a^ *r]h{so) - /(so) 



\p\<h 



< 



da^ 
ds 

( da} 



{so- p)r]h{p)dp- f{so) 



p\<h 



V ds 



{so - p) - ^{so,i) ]vh{p) dp 



ds 



<C \so - p - so,i\rih{p) dp + 

J\p\<h 



<C{\so-so,i\+h) + 



da 



da 



ds 



{so,i) - /(so) 



ds 



{so,i) - /(so) 



da 



ds 



{sQ,i) - /(so) 



Letting first z — > oo and then /i — > in the above inequality, we get that d{a^ * r]h)/ds 
converges uniformly to / on Is/2{s'q) as /j. — > 0. Since * -qh converges uniformly to 
on /e/2(so) as /i ^ 0. Hence a^ e C-^(/e(so)) with da^ /ds = f on Ie/2{so)- Since Sq is 
arbitrary, a^ G C^([0,s]). By a similar argument a^ G C^([0,s]) for any I = 1,2, ... ,n. 
Hence 7 G C^([0,s]) and there exists a constant C > such that 



ds 



ds 



< C\s2 — si\ ysi,S2 e Ik,k = 1,2, . . . ,ko,l = 1,2, . . .,n. (1.52) 



Thus d af,{s)/ds exists a.e. s E Ik with 



fai 
ds^ 



eL^{Ik) VA; = l,2,...,/co,/ = l,2,...,n. 
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By (1.45) for any e C^ih), j = l,2,...,n, 

cj^g"" _ j dgjida^ jdaJ^da^- 1 2p/a-p)~m.i 

^ ds^ ~ ^ ds ds^^'"-^ ds ds ^ dxj ^ ^ 

a.e. s e Ik- By (1.52) and (1.54) there exists a set E'j^ of measure zero such that 



(«2)--7::^(.i) 



ds^ ds^ 



< C\s2 - si| Vsi,S2 e 4(4) \E'k->^= 1>2, . ..,ko,j = l,2,...,n. 



(1.55) 

By an argument similar to the proof of 7 e C^([0,s]) but with (1.55) replacing (1.51) in 
the proof we get that 7 e C^([0,s]) and 



< C\s2 - si\ Vsi,S2 e Ik,k= 1,2, . ..,ko,j = 1, 2, . . . ,n 



ds"^ ds^ 
for some constant C > 0. Hence by (1.53), 

for any /c = 1, 2, . . . , /cq, J = 1, 2, . . . , n. Thus 7 satisfies (1.10) in (0, s). Then by standard 
O.D.E. theory 7 e C°°((0,s]). Hence 7 is a >Cp-geodesic and the theorem follows. 

By (1.4), (1.5), (1.6) and Theorem 1.10 we have 

Theorem 1.11. Suppose {M,g) satisfies (1.20) in [0, r] for some constant ci > 0. Then 
for any q & M, there exists a Cp- geodesic 7 e C([0,t]) fl C°°((0,t]) satisfying (1-18) for 
some V e Tp^M such that 7(r) = q and 

Lp{q,T) = Cp{q,-f,T). 



By putting p = 1/2 in Theorem 1.11 we obtain a result which is conjectured and used 
without proof in Perelman's paper [PI], [P2]. 
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Corollary 1.12. Suppose {M,g) satisfies (1.20) in [0, r] for some constant ci > 0. Then 
for any q G M, there exists a C-geodesic 7 G C([0,r]) fl C°°((0,t]) satisfying (1-18) with 
p = 1/2 for some v e Tp^M such that 7(t) = q and 

L{Q,r) = jC{q,j,T). 

By an argument similar to the proof of Theorem 1.10 and Theorem 1.11 we have 

Theorem 1.13. Suppose {M,g) satisfies (1.20) in [0,t] for some constant c\ > 0. Let 
qo E M and let tq G (0,t). Then for any q G M, there exists a Cp-geodesic 7 G C°°([to,t]) 
satisfying 7(to) = qo, ^(t) = q, and 

Lf^^\q,T) = Cf^^\q,-i,T). 

Theorem 1.14. Let to > 0, sq = t]^~^ , and let g and g he related by (0.5). Suppose 
{M,g) satisfies (1.20) in (0, to) for some constant ci > 0. Then for any s G (O,so)j 
q G M, LP°{q,s) is locally Lipschitz in po with respect to the metric g{0) = g{to). 

Proof. Let ro > 0, s G (0, sq), t = , pQ G M, and let pi,p2 G Bq^Pq, tq). By Theorem 
1.10 for each z = 1, 2, there exists a {q, s)-length minimizing >Cp-geodesic 7^ : [0, s] — > M 
such that 7i(0) = pi and ■jii's) — q. Let 7 : [0, d] — > M be a normalized minimizing geodesic 
with respect to the metric g{0) with 7(0) = pi, 7((i) = p2, \^'\ = |7'|g(o) = 1 on [0, d\ with 
d = do{pi,p2). Then 7([0, d]) C Bo{pq, 3ro). Let ri = 3ro + 2do{pQ, q) and let 

Kq = sup (|i?| + |Ric|). 

Bo{Po,ri)x[0,T] 

Let 7i(r) = 7i(s) with s = t^~'^, i = 1,2. For i = 1,2, let di = do{pi, q) and let 7^ : [0, di] — > 
M be a normalized minimizing geodesic with respect to the metric g{0) with 7j(0) = Pi, 
li{di) = q. Then di < ro + do{po,q) and ^i{[0,di]) C Bo{po,ri) for i = 1,2. Hence by 
Lemma 1.7 and the proof of Lemma 1.8, there exist constants Ai — Ai(s, ri, Ko) > and 
f2 — f2{s, ri, Ko) > ri such that 

LP'iq,s)<A^ Vz = l,2 
doiPiniis)) < r2 VO < s < s,z = 1,2. 

Let 

Ki = sup {\R\ + \Rt\ + \VR\ + \Ric\). 

Bo(po,2r2)x[0,T] 

We now assume that d = do{pi,P2) < min(l,s/4). Let 

if < s < (i 
ifd<s<s — d 
ifs — d<s<s. 



(lis) 

P{S)^ I I2{s~d) 

[M'^s-s) 
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Then 

Ll-{q,s)<Cl-{q,P,s) 

= [\s^^R{^{s), s) + {l- pf\i'{s)\') ds 

^ ~ P Jo 

P J s—d 

=1^ + 1^ + 1^ (1.56) 
where s' — s — d and s" — 2s — s. By Lemma 1.6, 

< + (1 -p)e2^^^'^d < -^d^r + (l-p)e^^^d, (1.57) 

1 +p 1+p 

/2<:^ / ((«; + d)T^i?(72H,«^ + (i) + (l-p)V^^'^'"'|72Hl')^^«^ 

^ ~ P Jo 

= - / (^(;T^i^(72(^(;),^(;) + (l-p)^|72HI^)c^^^^ 

1 f^-'^d ^ 2p ~ . 

+ - / [(w + d) i-p — t(;i-p]i2(72(to),tu + (i) cZtt; 

1 - P 7o 

+ - / w^-p (RH2{w),w + d) - RH2{w),w)) dw 

1 - P Jo 

1 p's—2d 
+ (1 - pXe'^'^dT^ - 1) / |^^(^)|2rf^ 

^0 

1 r's — 2d 2 ^ 

<:; / {w^R{^2{w),w) + {l-pf\%{w)\^)dw + C[d (1.58) 

1 - P Jo 

for some constant C[ > and 

l3<-^Kis^d + 2(1 -p)e^''^^^' r |72(s)l'c^s 

r (.^%2(«),«)+(i-p)'i7^(«)p)rf.+cf r i7^(.)pd. 

~ P ^5-2^ Js-2d 

+ LsT^d. (1.59) 

1 -p 

Hence by (1.56), (1.57), (1.58) and (1.59), 

LP^{q,s)<LP-{q,s) + C'^ f ms)\^ ds + C'^d (1.60) 

Js-2d 
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for some constant C'2 > 0. Let Vi — 7j'(0) for i = 1,2. By the same argument as the proof 
of Lemma 1.4, (1.17) holds in (0, s) for some constant C2 > 0, C3 > 0, depending only on 
Ki with X{s) and v, being replaced by 7^(s) and Vi = 7^(0), for i = 1,2. By (1.17) there 
exist constants C4 > 0, C5 > and Cq > such that 

CAlvil"^ - < \^lis)\^ < Ceil + \vi\^) VO < s < s,z= 1,2. (1.61) 

By (1.61), 

C4s\v2\'^ =€4 [ \v2fds<C5S+[ \%{s)\'^ds 
Jo Jo 

^ ~ P Jo 



<C5S+ ^ 



1-p 



<C5l+^(Z-(g,^) + ^^^) 



<C5S + +-^(A^ + ^s'^]=Cr (say). (1.62) 
l-p\ 1+p ) 

By (1.61) and (1.62), 

/ \i2{s)fds<2Ce{l^\v2f)d<2Ce{l + {CTl{C^))d. (1.63) 

By (1.60) and (1.63) there exists a constant Cg = Cs > such that 

Ll\q,-s) <ll\q,-s) ^ C^d. 
Interchanging the role of p\ and p^ in the above inequality, 

ll-{q,-s)<ll-{q,t)^C^d. 

Hence 

~ - C'8C^o(pi,P2) Vpi,p2 e BQ{^Q,rQ),do{p\,P2) < min(l,s/4) 

and the theorem follows. 

By (1.6) and Theorem 1.14 we have the following theorem. 

Theorem 1.15. Let to > and let g and g be related by (0.5). Suppose {M,g) satisfies 
(1.20) in (0,to) for some constant Ci > 0. Then for any r G {0,to), q G M, LP°{q,T) is 
locally Lipschitz in po with respect to the metric g{0) = g{to). 



Section 2 
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In this section we will generalize the ^-exponential map of Perelman [PI] and define 
the £p-exponential map corresponding to the £p-geodesic curve. We will also derive some 
elementary properties of the £p-exponential map. 

We first start will a definition. Let r > 0. For any v G Tp^^M \ct v = v / {1 — p). By 
Lemma 1.4 there exists a unique solution 7jr(s) = ^{s;v) of (1.10), (1.13), in (0, sq) for 
some So > 0. Let ^v{t) = li'r't'v) = 'y{s;v) where s and r are related by (1.5). Then 
is the unique solution of (1.11), (1-18), in (0,to) where tq = Sq^^^~^K Similar to [Yel] for 
any r > we let 

C/p(r) = {v e Tp^M : 7^, exists on (0, tq) for some tq > t}. 

Then Up{T2) C Up{Ti) for any < ti < T2 < to- We define the £p-exponential map 
£p-exp;^ : Up{T) ^ M by 

-^p-exppo (•y) = 1v{t) = 7^j(t^"^). 

By O.D.E. theory and the equivalence of the O.D.E. (1.10), (1.13), and (1.11), (1.18), 
through the transformation (1.5), Upij) is open in Tp^^M. Note that by Corollary 1.5 if 
(M, g) has uniformly bounded Ricci curvature on M x (0, to), then Upir) — Tp^M for any 

< T < to- 
Let qo e M, To e (0, to) and v e Tq^M. By an argument similar to the proof of Lemma 
1.4 and Corollary 1.5 there exists a unique solution 7^°^„(t) = 7^°(t; v) of (1.11) in (to, ti) 
for some ti > To such that 

r jf>{ro;v) = qo 
\TS^ro'{ro;v)^v. 

For any t > tq, let 

^ro,p(^) ^ ^ Tq^M '■ lfo,v ^^ists (^0, n) for some n > t}. 
We define the £^0 ^.exponential map ^-exp^ : U^°^pif) ^ M by 

>C^°,p-exp>)=7^°(^;^)- 

Lemma 2.1. Suppose {M,g) satisfies (1.20) in [0, to) for some constant c\ > 0. Then for 
any ro > and mo > 0, there exists a constant si e (0, to~^) such that for any v e Tp^M 
satisfying \v\g{po,o) ^ "^0 t/iere exists a unique Cp-geodesic 7 = 7^r : [0,si] — > M satisfying 
(1.13) and 

7(s) e So(po, ro) VO < s < si. (2.1) 

1 

Hence B{Q, (1 — p)mo) C Up{r) for any < t < ti where ti = s|~^ and 

U Up{T) = Tp,M. 

0<T<to 
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Proof. We will use an argument similar to the proof of Proposition 2.5 of [Yel] to prove 
the lemma. Let v e Tp^M satisfy |^^|g(po,o) < ^o- Since M is complete, Bo{po,ro) 
is compact. Then there exists a constant Ki > such that (1.16) holds for any (g, r) G 
i?o(po7 ^o) X [0, to/2]. Let C2 = C2{Ki) > and C3 > be as in the proof of Lemma 1.4. Let 
s[ = min(l, (to/2)^-P,e"^i~(^^/2)(m^ + C3)-i/Vo/2) and ^ s[/2. By Lemma 1.4 there 
exists a maximal interval [0, s) such that there exists a unique £p-geodesic 7 : [0, s) ^ M 
which satisfies (1.13). We claim that s > s[. Suppose not. Then s < s[. Let 

So = sup{s' < s : 7(5) e Bo{po, tq) VO < s < s'}. 

Suppose So < s- By the same argument as the proof of Lemma 1.4 (1.17) holds in (0, sq). 
Hence by (1.17) and Lemma 1.6, 

e-'^doipo, liso)) < e-'^ H \l'{s)Uo) ds < H |7'(s)| ds < e'^^/^ml + Cs^/^so 

Jo Jo 

^ do{po,l{so)) < e^i+(^^/2)(m2 + CsV/'s', < tq. 

By continuity there exists S2 G (sq, s] such that 

do{po,l{s)) < ro VO < s < S2. 

This contradicts the choice of sq. Hence sq = s. Then (1.17) holds on [0, s]. Thus by 
(1.17) we can extend 7 to a solution of (1.10), (1.13), in (0,s + 5) for some 5 e (0, s^ — s). 
Contradiction arises. Hence s > s[ and the lemma follows. 

Theorem 2.2. Suppose {M,g) satisfies (1.20) in [0,to) for some constant ci > 0. Then 
there exists a constant tq G (0, to) such that for any < r < tq there exist a constant 
ri > and an open set 0\ <Z M with pq G Oi such that Cp-expp^ 1^^^ ^ ^ : B(0, ri) — > Oi 

is a diffeomorphism. 

Proof. We will use a modification of the proof of Proposition 2.6 of [Yel] to prove the 
lemma. Let {(f)o, Bq{po, ro)) be a local normal co-ordinate chart around po- By Lemma 2.1 

there exists a constant si G (0, to ^) such that B(0, 1) C Up{T) for any < r < ti = s|~^ 
and (2.1) holds for any £p-geodesic which satisfies (1.13) with \v\ < 1. By the inverse 
function theorem it suffices to check that the kernel of d{Cp-expp^^)o is equal to zero for 
sufficiently small r. Suppose not. Then there exists r G (0,to) and ^ f G To(TpqM) = 
Tp^M such that 

cZ(£p-expJJo(^o) = (2.2) 

where tq G (0, ti) is some constant to be determined later in the proof. Let vq — vo/{l—p) 
and s = T^~'^. By rescaling vq if necessary we may assume without loss of generality that 
|^^o|g(po,o) = 1- Then \vo\g^p^^o) = 1 - p. For any < 2; < 1, let 



h{s,z) ^ -f{s;zvo) 
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be the solution of (1.10), (1.13), in [0, si] with v being replaced by zvq given by Lemma 
2.1. Then h is a, variation of 7(s; vq) with h{s, 1) = 7(5; vq). Let 

dh — ~ dh 

y{s.z) = —{s,z),Y{s) = Y{s,0) and X{s) = ^(^,0). 

We write X(s) = a'^{s)d/dxi andF(s) = lP{s)d/dxj in the local co-odinates (^o, -Bo(po5 ^0)). 
By (2.2), 







dz 



z=0 



d_ 

dz 



^{s;zvo)=Y{s,Qi) = Y{s) 



z=0 



b^{s) = Vj = l,2,...,n. 



(2.3) 



Note that 



h{0,z) =^{0;zvo) =po VO<z<l 
dh 

Y(o,z) = —(o,z) = o yo<z<i 

dz 



_d_ 



Y{0) = 



?^(0) = Vj = l,2,...,n 



(2.4) 



and 



V.F(0) = ^(0,0) = ^(0,0) ^ 



dsdz 



dzds 



dzds 



(0,0) 



d_ 
Yz 



{zvq) = -^o. (2.5) 



z=0 



By an argument similar to the proof of Lemma 1.4 (1.17) holds for some constants C2 > 0, 
C3 > 0, with V = 0. Hence there exists a constant C > such that 

|^(s)|<C VO<s<si. 



Since 7 satisfies (1.10), 

= Vj — 
^ = V^V, 



1 2 ^^fdh \ 

-^s^-vVR + si-pRic — • 

-pY 1-P yds, J 



ds J 2(1 

Ts) - 2(13^5^-^ V,(Vfl) + —^s^'V, (R.C [j-^- 

1 



Q^Ws^sY{s,z)+R 
+ 



fdh dh\ dh 



rS^V,(Vi?) 



\dz,dsj ds 2(1— p)2 
^.T^(V,Ric) (^— J + ^.T^Ric(V,y,.) 



(2.6) 
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where R{Xu X2)X3{q, s) = R{Xi, X2)Xz{q,r) for any Xi,X2,X^ e TgM with s = t^'P. 
Putting 2; = we get 



+ i3^^'^(VF(.)Ric)(X, •) + ^si^Ric(V.y, •) in (0,si) 



k 

mr 



dxj 2(1 -pY 



1 — p 1 — p 



\ ds 



(2.7) 



holds in (0, si) for all /c = 1, 2, . . . , n. By (2.5), 



, dV , , dW , , 



Hence 



for some constant A2 > Ai > depending only on gijipo, 0). Let 



(2.8) 



and 



S2 = sup{0 < s[ < si : \b'{s)\ < 1 VO < s < s'l, z = 1, 2, . . . , n}. 
By (2.4) S2 > 0. Then by (2.7) and (2.8), 

dE 



ds 



=2 



k=i 



ds ds ds^ 



< 



k=l 



db'' 



ds 



C 



db^ 



ds 



i=i 



db' 



ds 



J2(\b'l^\ + \b' 



db^ 



ds 



n 1 . 

+ J2 Ib'b'b'^l \ 

<CaE VO < s < S2 

-^(e-^^'E) < VO < s < S2 

ds 

E{s) < e^^'EiO) < e^"'' /Ai = C5 VO < s < S2. 
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(2.9) 



for some constants Ci > and C4 > independent of S2- We claim that 

S2 > min(l/(2yC5),Si). 
Suppose not. Then S2 < min(l/(2V^), si)- By (2.4) and (2.9), 



I 



ds 



ds 



^ y/C^s < - yo < s < S2,i = 1,2, . . . ,n. 



Then by continuity there exists a constant 6 > such that 

\b\s)\<l yO<s<S2 + S,i = l,2,...,n. 
This contradicts the maximahty of S2- Hence S2 > min(l/(2-\/C5), si). Let 

S3 = min(l/(2VC^),Si). 
Then (2.9) holds for all < s < S3. By (2.8) there exists zq G {1, 2, . . . , n} such that 



db'° 



ds 



(0) 



> 



1 



By replacing vq by —vq if necessary and permutating the indices we may assume without 
loss of generality that 

db^ , , 1 , , 

— (0) > (2.10) 



ds 



\/n\2 



By (2.7) and (2.9), 



2 1,1 



ds^ 



■(s)+C6>0 V0<S<S3 



(2.11) 



for some constant Ce > 0. Let 

so = min(si, (2VC^)-\ (2V^C'6)-^), 



To 



^1/(1-P) 



and S4 = sup{s' < s : db^{s)/ds > VO < s < s'}. Then S4 < s < so. 



Integrating (2.11), by (2.10) we have 
db^ , , db^ , , ^ 1 

-W>-(o)-c,.>^ 



Ceso > 



2VnA^ 



> VO < s < S4. 



(2.12) 



Suppose S4 < s. Then S4 < so. By (2.12) and continuity there exists 5 E (0,s — S4) such 
that db^{s)/ds > on (0, S4 + 5). This contradicts the maximality of S4. Hence S4 = s. 
Integrating (2.12) over (0,s), 

b^{-s) > b\0)=0. 

This contradicts (2.3). Hence no such vq exists. Thus ker((i(>Cp-expp^)o) = for any 
< r < r and the theorem follows. 

By the proof of Theorem 2.2 it is natural to define the following: 
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Definition 2.3. Let 7(5) be a Cp-geodesic in (si,S2). We say that a vector field Y{s) 
along ^ is a Cp-Jacohi field in (si,S2) ifY{s) satisfies 

WsVsY + R{Y.l')l' - 2(i^^)2 "^^y(^-^) + Vp(:Ric(7' , •)) = (2.13) 

in (si, S2) along 7. 

Definition 2.4. Let j{t) be a Cp-geodesic in (ti,T2) and let^{s) he given by (1.5). We 
say that a vector field Y{t) along is a Cp-Jacobi field in (ti,T2) ifY{s) = Y{s^~p) is a 
Cp-Jacobi field in (si, S2) in (si, S2) along 7 where Si = tI~^ , i = 1,2. 

Definition 2.5. Let 7(5) be a Cp-geodesic on [0,s]. For any < sq < si < s, we say 
that 7(si) is Cp-conjugate to 7(50) along 7I if there exists a Cp-Jacobi field Y{s) ^ 
along ^l^g^ si] that Y{so) = Y{si) = 0. 

Definition 2.6. Let 7(t) be a Cp-geodesic on [0,t]. For any < tq < ti <t, we say 
that 7(ti) is Cp-conjugate to 7(to) along ll^^-^ t-^] iflisi) is Cp-conjugate to 7(so) along 
'^l[so si] '"^^^'"^ 71^) given by (1.5) with s = t^~p and Si = t^~^ for i = 0,1. 

Theorem 2.7. Let < T < to, v,w e Tp^M , and let 7 = '^{t;v) : [0,r] M be a 
Cp-geodesic which satisfies (1.18). Let 7(5) = 7(5; v) be given by (1.5) with s = t^~p 
where v = v/{l — p). Suppose Y{t) is a Cp-Jacobi field along 7 with Y{0) = and 
WsY{0) = w/{l-p) where Y{s) = Y{t) with s = t^-p. Then 

Y{T)^d{Cp-explJy{w) VO<r<r. (2.14) 



Proof. Let a : (— £i,£i) Tp^M be a curve in Tp^M such that q;(0) = v, a'{Qi) ~ w. Let 
s = T^~P. By continuous dependence of solutions of O.D.E. on the initial data there exist 

s G (0, £1) such that for any p G (— e, e) there exists a unique solution 7(5; a{p) /{1—p)) of 
(1.10) on [0,s] which satisfies (1.13) with t; being replaced by Q;(p)/(1 —p). For any \p\ < e, 
let 7(t;q;(p)) = 7(s;a(p)/(l — p)) with s — t^~p. Then 7(t;q!(p)) is the >Cp-geodesic on 
[0,t] which satisfies (1.18) with v being replaced by a{p). Let 



Hr, p) = Cp-expl^ (q;(p)) = 7(t; a{p)) VO < r < r, |p| < e 

and 

3h 

Yi(s) = Yi(t) = — (t,0) V0<t<t,s = t1-p. 
op 

Then 

Yi (r) = cZ(£p-exp; J, (^) VO < r < r . 
Since /j.(0, p) = po Vp G (— e, e), 



Yi(0) = = F(0) ^ Yi(0) = r(o) = 0. 
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(2.15) 



Then 



d_ 
dp 



dh ,^ , d 
a{p) a'{0) w 



7'(0;a(p)/(l-p)) 

p=0 



, 1 1 =V,y(0). (2.16) 



By an argument similar to the proof of Theorem 2.2 ^1(5) is a £p-Jacobi field along 7. 
Since both Y and Yi satisfies (2.13), (2.15), and (2.16) on [0,s], by uniqueness of O.D.E. 
y = on [0,s]. Hence Y{t) satisfies (2.14) and the theorem follows. 

By Theorem 2.7 and an argument similar to the proof of Proposition 3.9 in Chapter 5 
of [C] we have 

Theorem 2.8. Let < r < to, v G Tp^^M , and let 7 = 7(r;f) : [0,r] M be a Cp- 
geodesic which satisfies (1.18). If^ij) is not Cp-conjugate to po, then for any Vq G T^(:f)M 
there exists a Cp-Jacobi field Y{t) along 7 with Y{0) = and Y{t) = Vq. 

Definition 2.9 (cf. Definition 4 of [Yel]). For anyr G (0,to), we define the injectivity 
domain fip(T) at time r by 

0.p{T) = {g e M : 3 a unique Cp{q,r) -length minimizing Cp-geodesic 7 : [0,r] — > M 
such that 7(0) = = Q.-, o-'^'d q is not Cp-conjugate to po along 7}. 

and we define the cut locus Cp{T) at time T by Cp(r) = M \ Vtij). 

Definition 2.10. For any go G Q < tq < r < t^, we define the C%° p-injectivity 
domain fi^o ^(t) at time r by 

p(t) = {g e M : 3 a unique C^^ pi^q^r)- length minimizing Cp-geodesic 7 : [to,t] — > M 
such that 7(to) = go, 7(7^) = g, and q is not Cp-conjugate to go along 7}. 

and we define the C%lp-cut locus C$°^p{r) at time r by C^°^p{r) = M\ Q^o ^(t). 

By the theory of ordinary Riemannian geometry and a similar argument as the discus- 
sion on P.513 of [Yel] Lp(g, r) is a smooth function in Ut'>o^^p(''"') x {t'} and L^° p(g, r) 
is a smooth function in UT-/>T-oil^°^p(T') x {t'}. 

Lemma 2.11. Let r e (0,to)- Suppose {M,g) satisfies (1.20) for some constant ci > 0. 
Then for any < p <t, Lp{-, p) is locally Lipschitz in M with respect to the metric g{p). 

Proof. We will use a modification of the proof of Proposition 2.12 of [Yel] and the proof 
of Theorem 1.14 to prove the lemma. Let < p < r, tq > 0, and let gi,g2 G Bo{pQ,ro). 
By Theorem 1.11 for i = 1, 2, there exists Cp{qi, p)-length minimizing £p-geodesic 7^, with 
7i(0) = Po and 7i(p) = g^. Let 7 : [0, d] — > M be a normalized minimizing geodesic with 
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respect to the metric g{0) with 7(0) = qi, ^(d) = q2, \Y\ = |7'|p(o) = 1 on [0,d\ where 
d = do{qi, q2). Then 7QO, d]) C 5o(po, 2ro). Let 

Kq ^ sup (|i?| + |Ric|). 

Bo(po,2ro)x[0,T] 

Then Kq < 00. For i = 1, 2, let di = (io(po, Qi) and let 7^ : [0, di] ^ M be a normalized 
minimizing geodesic with respect to the metric g{0) with 7j(0) = po, ■Ji{di) — qi. Then 
di < T'o and 7i([0, di]) C -Bo(Po7 2ro) for z = 1,2. By Lemma 1.7 and the proof of Lemma 
1.8, there exist constants Ai = Ai{t, ro, -f^o) > and ri = ri(T, ro, -f^o) > 2ro such that 

i:p(?z,p)<Ai Vz = l,2 
^doipoj^iir)) < ri VO < r < p, i = 1, 2. 

Let 

= sup (|i?| + |Vi?| + |Ric|) 

Bo(po,2ri)x[0,r] 

and let 7i(s) = 7i(T) with s = t^"^ for z = 1, 2. Then 71, 72, are £p-geodesics. We assume 
now d = do{qi, q'2) < p/4. Similar to the proof of Proposition 2.12 of [Yel] we let 

{7i(r) if0<r<p-2rf 
7i(2T-p + 2rf) ifp-2d<T<p-d 
7(t — p + d) ii p — d < T < p. 

Then by Lemma 1.6, 
Lp{q2,p) <Cp(q2,P,p) 

<Lp{q,,p)- r TPR{^,{T),T)dT+ r 'T^[i?(7i(T'),T) + 4|7;(T')|J(,)]dT 

J p-2d Jp-2d 

+ r r^[R{l{r"),r) + \^'{r'%ir)]dr 

J p—d 

<LMi^p) + {p+l)-'[2K^{p^^' - (p - 2d)^+i) + e2^^^(p^+i - (p - d^+i)] 

+ 262^1" r TP|7((T)pdT. (2.17) 

where r' = 2t — p-\-2d and t" = t — p + d. By the same argument as the proof of Lemma 
1.4, (1.17) holds in (0,Sp), Sp = p^^^, for some constant C2 > 0, C3 > 0, depending 
only on Ki with X{s) and being replaced by 7|(s) and = 7^(0), for z = 1, 2. Since 
7^'(s) = tP7-(t)/(1 -p), by (1.17) there exist constants C4 > 0, C5 > and Cq > such 
that 

C4|^i|' - C5 < t2p|7;(t)|2 < C6(l + \vi\^) VO < T < p,z = 1, 2. (2.18) 
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By (2.18), 

C4p|vi|2=C4 r\vi\''dT<C5P+ r r'^^Hir)]'' dr 
Jo Jo 

<C,p + pnA^ + {K^pP+^/{p + l))) = Cr Vz = l,2. (2.19) 

By (2.18) and (2.19), 

r TP\^l{T)\''dT<Ceil + \vi\^) r T-PdT<2Ceil + \vi\'')d/ip-2dr 

Jp-2d Jp-2d 

<MCq{1 + {C7/C4p))/pP Vi = l,2. (2.20) 
By (2.17) and (2.20) there exists a constant Cg = C8(p, r, ro) > such that 

Lp{q2,p) < Lp{qi,p) + C8do{qi,q2) Vgi,g2 e 5o(Po, ^^o), 4(^1, ^2) < p/4. 
Hence by Lemma 1.6, 

Lp{q2,p) < Lp{qi,p) +CQdp{qi,q2) Vgi,g2 e 5o(Po, ^o), cZo(gi, ^2) < p/4 
for some constant Cq > 0. Interchanging the role of qi and q2 in the above inequality, 

Lp{qi,p) < Lp{q2, p) + C^dp{qi, 5-2) Vq-i, 5-2 £ -Bo(po, r^o), c^o(9i, 92) < p/4. 

Hence 

\Lp{qi, p) - Lp{q2, p)\ <C9dp{qi,q2) ^qi,q2 & Bo{po,ro),do{qi,q2) < p/4: 

and the lemma follows. 

By an argument similar to the proof of Proposition 2.13 of [Yel] we have 

Lemma 2.12. Letr e (0,to)- Suppose {M,g) satisfies (1.20) in (0,t) for some constant 
c\ > 0. Then for any q e M, Lp{q, •) is locally Lipschitz in (0,t]. 

Lemma 2.13. Suppose {M,g) satisfies (1.20) in (0, to) for some constant ci > 0. Then 
^p{t) is open in M for any r e (0,to) ond 

Uo<T<to^p(^) X {'t] 

is open in M x (0, to) with respect to the product m,etric gdx^ © dr'^ . Hence Cp^r) is close 
in M for any r G (0, to) Q'^^^ Uo<r<to^p(''') ^ {^} closed in M x (0, to) with respect to 
the product metric gdx^ © dr^. 
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Proof. Let r e (0,to) cind e fip(r). Let 7(r;t') be the minimizing T)-geodesic 
given by Theorem 1.11 which satisfies (1-11) and (1-18) for some v e Tp^M. Since q is not 
>Cp-conjugate to po, by Theorem 2.7, 

ker((i(£p-exppj„) = =^ dct(d(£p-exppj„) 7^ 0. 

By the inverse function theorem there exist e G (0, min(r, to ~^)/2), B{v, ro) and an open 
neighbourhood 0{q) of (g, r) in M x (0,to) such that the map 

(f) : B{v, ro) X (r - £, T + e) ^ 0(?) 

given by (f){v, r) = (>Cp-exp^^ (v), r) is a differeomorphism for any re (r — e, r + e) and 

det(d(/:p-exp;j„0 ^0 V|r - r| < £, G B{v,ro). (2.21) 

We claim that there exists BQ{q,ri) x {r} C 0{q) such that BQ{q,ri) C fip(r). Suppose 
not. Then there exists a sequence of points {^ij^i, ^ f^p(T) Wi G 2"'", such that 
gj — > Q as i — > cxD. By the proof of Lemma 2.11, there exist a constant Ci > and io ^ 
such that 

Lp{qi,T) < Lp{q,T) + Cido{qi,q) Vi > Iq 
=^ 3C2 > such that Lp(gi,T) < C2 Vz G Z+. (2.22) 

Now by Theorem 1.11 for any i = 1, 2, . . . , either 

(i) qi is >Cp-conjugate to po along some >Cp(gj, T)-length minimizing >Cp-geodesic "y{-;vi) 
satisfying 7(0; Vi) = p and 7(t; Vi) = qi 

or 

(ii) there exists two >Cp(gj, T)-length minimizing £p-geodesics 7(-;Vj) and 7(-;v^) satisfying 
7(0; Vi) = 7(0; v-) = p, 7(1=; Vi) = 7(1=; v-) = qi, with 

where 7(-; w) stands for the solution of (1.11) and (1.18) with v being replaced by w. Then 
either (i) or (ii) holds for infinitely many i G Z+. We now divide the proof into two cases: 
Case 1 : (i) holds for infinitely many i G Z^. 

Without loss of generality we may assume that (i) holds for all i G Z+. Then by 
Theorem 2.7, 

ker^^p-expJJ^J ^ Vi G Z+ ^ det(d(£p-expjj^j = V« G Z+. (2.23) 

By (2.22) and an argument similar to the proof of (2.19) there exists a constant r2 > 
such that 

\vi\<r2 Vi = l,2, .... (2.24) 
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Since the closed ball B{0, is compact in Tp^M with respect to the metric fir(po) 0), the 
sequence has a subsequence which we may assume without loss of generality to 

be the sequence itself such that Vi Vq a.^ i oo for some vq G Tp^^M. By continuous 
dependence of solutions of O.D.E. on the initial data 7(r; Vi) will converge uniformly to a 
>Cp-geodesic 7(r;t'o) on [0,r] as z — > oo. By Fatou's Lemma and (2.22), 

Lp{q,f) < Cp{q,^{-;vo),f) < lim Cp{qi,^i{-;vi),f) = lim Lp{qi,f) < Lp{q,T) 

I— »oo ^—^oo 

Lp(9,T) = £p(?,7(-;vo),T). 

Hence 7(-;?;o) is a minimizing r)-geodesic. Since q G ^(t), the minimizing Cp{q,T)- 

geodesic is unique. Hence vq — v. Letting i — oo in (2.23), 

det(d(>Cp-exp^J„) = 0. 

This contradicts (2.21). Hence case 1 does not hold. 
Case 2 : (ii) holds for infinitely many i e Z^. 

Without loss of generality we may assume that (ii) holds for all z e Z+. By the same 
argument as case 1 there exists r2 > such that Vi,vl G B(0,r2) for all i G Z+. Then as 
in case 1 by choosing a subsequence if necessary we may assume without loss of generality 
that Vi V and v'^ ^ v a,s i oo. Then there exists io G Z+ such that Vi, v[ G i3(f , tq) 
for all i >io. Since the map 4> is a, differeomorphism, 

Cp-ex.pl^{vi) = Cp-ex.pl^{v'j_) = qi \/i>iQ =^ vi = v- Mi > iq. 

Contradiction arise. Hence case 2 does not hold. Thus no such sequence {gij^i exists. 
Hence there exists BQ{q,ri) x {r} C 0{q) such that BQ{q,ri) C ^^(t). Therefore VLp{T) 
is open. By a similar argument Uo<r<to^p(''') ^ {'''} open in M x (0, Iq) and the lemma 
follows. 

By Theorem 1.11, Lemma 2.13, and an argument similar to the proof of Proposition 
2.16 of [Yel] but with Lemma 2.11 replacing Proposition 2.12 in the proof there we have 

Lemma 2.14. Suppose {M,g) satisfies (1.20) in (0, to) for some constant ci > 0. Then 
Cpir) is a closed set of measure zero for any r G (0, to). 

Lemma 2.15. Suppose {M,g) satisfies (1.20) in (0, to) for some constant ci > 0. Then 
^o<T<toCp{T) X {r} is a closed set of measure zero in M x (0, to) with respect to the product 

metric g dx^ © dr'^ . 

Proof. This result for the case p = 1/2 is stated in [Yel]. We will give a proof of it here for 
any < p < 1. By Lemma 2.13 we know that Uo<T<to^p(''') ^ {''"} closed in M x (0, to)- 
It suffices to show that [Jt^<t<t2 (C'p(t) H -Bo(po: '''o)) x {''"} has measure zero in M x (0, to) 
for any < ri < r2 < to and ro > 0. 

Let T G [ti,T2], (5 > 0, f]p(T,ro) = ^^(t) nSo(po, r^o), -Dp(ro) = Uo<r<to^p('^) '^o) x {r}, 
and 

Cp(Ti,T2,ro) = Uri<r<r2(Cp(T) nSo(po,ro)) X {t}. 
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We choose a compact set K{t) C fip(T, ro) such that 

mr{n{T,ro)\K{T)) <5. 

Then by Lemma 2.14, 

mriBo{po:ro)\Kir))<5. (2.25) 

Since -Dp(ro) is open, for any q e K{t) there exists Sq > and an open baU Oriq) C ^(t) 
containing such that Or (?) x — ^ + £q] C Dp(ro). Since -^^(t) is compact, 

K{t) C Uri70^(g,) 

for some qi, . . . , qn(r) G i^(T). Let e- — mini<i<„o e^^. Since [ti,T2] is compact, there 
exists Ti < Ti < T2 < • • • < Tko ^ ^2 such that 

[ti , T2] C uj^i {Tk -ek,rk + ek) 

where Sk = Sr^. for all /c = 1, 2, . . . , A;o. Let Ii = (ti — £i,ti + £1) fl [ti,T2] and Ik = 
((Tfe - £fc, Tfc + Ek) \ ^jZUj) n [ti, r2] for all /c = 2, 3, . . . , /cq- Then 

[n,r2] = U^'ii/fc 

For any /c = 1, 2, . . . , /cq, let Ek = (U.^^^iO^, x 4 where = n(Tfc). Then U^l^Ek C 
L'p(ro) and 

Cp(Ti,T2,ro) c(So(po,ro) x [ti,T2]) \ U^Li^fc C ujLi(So(po,ro) \ i^(Tfc)) x h 

=^ m{Cp{Tl,T2, 

ko 

< ((5o(po,ro) \ i^(Tfc)) x 4) . (2.26) 

fc=i 

Let C^ 

— sup^^^p^^ ro)x[ri T2\ "^(^'^)' Then Ci < 00. Note that by [H5] the volume form 
of M satisfies 



\RV9\ <Ci^ in So(po, ro) x [n, T2] (2.27) 
=^ \/9{(1,t) <e'-'^^''^{q,Tk) ^q e Bo{po,ro),T e Ik,k = 1,2, ... ,n. 

(2.28) 

By (2.25), (2.26), and (2.28), 

fell fcp 
m(Cp(Ti,T2,ro)) < Yl {e^'"'\h\mr,{Bo{po,ro) \ K{Tk))} < e^'Sj^lhl < e^'{T2-Ti)S. 

k=l k=l 

Letting 5 — > 0, 

TO(Cp(Ti,r2,ro)) = 

and the lemma follows. 

By Lemma 2.11 and Lemma 2.12 we have 
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Lemma 2.16. Suppose (M^g) satisfies (1.20) in (0, io) for some constant ci > 0. Then 
|VLp(g,T)| and dLp{q,T)/dT are locally bounded measurable functions on M x (0,to)- 

Section 3 

In this section we will prove the second variation formula for Lp{q,T). We will prove 
various properties of the Lp(g, T)-length, the generalized reduced distance Ip, and the 
generalized reduced volume Vp{T). We will now assume that {M,g) satisfies (1.20) in 
(0, to) for some constant ci > for the rest of the paper. For any r e (0, to), let 

Up{T) —{v e Up{t) : ^vif) E flpir) where ^y(-) = 7(-; v) : [0, r] ^ M is the £p-geodesic 
that satisfies (1.18)}. 

Note that by the definition of fip(T) and Theorem 1.11, 

is a diffeomorphism. For any v G Upij), let Jp{v,T) be the Jacobian of the Cp-expp^ map 
at V. Let 

% = Uo<r<to^p('^) X {'t}- 

By the same argument as the discussion on P.518 of [Yel] Lp{q, r) is a smooth function 
in Qp. If r e {0,to) and q e 0,p{T), then there exists a unique £p(q', T)-length minimizing 
£p-geodesic 7 satisfying 7(0) = po, 7(t) = q, such that q is not >Cp-conjugate to po- Then 
by Lemma 1.1, 

VLp(g,r)=2rV(r). (3.1) 

Lemma 3.1. Let (q^r) G Op and let be a Cp-geodesic satisfying 7(0) = po, 7(t) = q, 
which minimizes the Cp{q,T)-length. Suppose Y is as in Lemma 1.1. Then 

6YLp{q,T) 
<2tP < X{t),VyY{t) > 

+ [ TP{HessR{Y,Y) + 2 < R{Y,X)Y,X > +2\VxYf + 2VxRic{Y,Y) 
Jo 

- AWyRiciX, Y)} dr (3.2) 
where X = X{t) = Y{t). 

Proof. We will use a modification of the argument of section 7 of [PI] to prove the theorem. 
Let / : [0,t] x (—£,£) — > M be as in the proof of Lemma 1.1. Since 

Lp(/(T, z),t)< £p(/(r, z), fi; z),t) W\z\ < e 

Lp(/(T,0),T)=£p(/(r,0),/(-,0),T), 
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differentiating (1.2) with respect to z and putting 2; = 0, 

(5yLp(Q,T) 

Lp(/(T,2),T)< 



z=0 



Since 



z=0 

< / T^(r(r(i?)) + 2\sJxY\^ + 2 < X, VyVxl" >) dr 
Jo 

< [ tP{Y{Y{R)) + 2\VxY\^ + 2<X, Vx^yY > +2 < R{Y, X)Y, X >} dr. 
Jo 

< VyY, X >=y (< y, X >)- < y, VyX >= y{< y,x>)-<y, VxY > 



(3.3) 



--Y{<Y,X>)-^X{<Y,Y>), 



we have 

d 



, <VyY,X> 
dr 

=x{< VyY.x >) + ^ < Vyr,x > 

= < VxVyY, X> + < VyY, VxX > +Y{^{Y, X)) - lx{^{Y, Y)) 

= < VxVyy, x> + < VyY, VxX > +2y(Ric(y, x)) - x(Ric(y, y)) 

= < Vx Vyy, X > + < VyY, VxX > +2Ric(VyF, X) + 2VyRic(X, Y) 

-(VxRic)(y,y). (3.4) 

Note that (3.4) is stated in section 7 of [PI] but there is no proof of it in [PI]. We refer 
the reader to [KL] for another proof of (3.4) by B. Klein and J. Lott. By (3.4), 

2 / tP <X, Vx^yY > dr 
Jo 

=2 I ^ < X, VyY > - < Vx^, Vyy > -2Ric( V^y, X) - 2VyRic(X, Y) 

+ (VxRic)(y,y)|dT 

=2tP < X{t),WyY{t) > -2 [ rP\^ < VyY, X> + < VyY, ^VR - ^X - 2Ric(X, •) > 

Jo It 2 t 

+ 2Ric( Vyy, X) + 2VyRic(X, Y) - VxRic(y, Y) | dr 

=2tP < X{t),VyY{t) > + [ tP{-{VyY)R - 4VyRic(X, Y) + 2VxRic(y, Y)} dr. 

•^0 (3.5) 
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By (3.3) and (3.5), (3.2) follows. 

Lemma 3.2. Let {q,T) e flp and let 7, X, be as in Lemma 3.1. Let b > (1 — p)/2 be a 
constant and let Y{t) be a vector field along 7 such that |i^(f)| = 1 and Y(t) solves the 
O.D.E. 

VxY = -Ric{Y, •) + -Y in (0, r). (3.6) 

T 

Then 

HessL^^,,r)iYiT),YiT)) < - 2rPRic{q,r){Y{r),Y{r)) + 

+ (2p - 1) / T^'^Ric{Y, Y)dT- I tPH{X, Y) dr 

Jo Jo (37) 



and 



r r'+^'ff (X) dr (3.8) 

T Jo 



where 



H{X, Y)=- HessR{Y, Y) - 2 < R{Y, X)Y, X > -4:{VxRic{Y, Y) - VyRiciY, X)) 
- 2RiCr{Y, Y) + 2\Ric{Y, ■)\'^ - -Ric{Y, Y) 

T 

and 

H{X) = -Rr --R-2<X,VR> +2RiciX, X) (3.9) 

T 

is the Hamilton's expressions for the matrix Harnack inequality and the trace Harnack 
inequality respectively (with time equal to —r). 

Proof. We will use a modification of the argument of section 7 of [PI] to prove the lemma. 
By (3.6), 

-^|yp = 2Ric(y,y) + 2 < Vx^,^ >= —\y\'^ vo < t < t 



dr' 

r(r)|2=(^-j VO<T<T and r(0) = 0. (3.10) 



Let 



/i = /" TP{Hessfi(y, y) + 2 < R{Y, X)Y, X > +2\VxY\'^ + 2VxRic(F, Y) 
Jo 

-4VyRic(X,F)}dT. 
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Then 



where 



h = - f tPH{X, Y) dr - h (3.11) 

^0 



h = |2Ric^(r, Y) - 2|Ric(r, ■)\^ + iRic(r, Y) + 2VxRic(F, Y) - 2|Vxl"|^| dr. 

(3.12) 

By P.17 of [PI] and (3.6), 

^Ric(F, Y) =Ric^(F, Y) + VxRic(F, F) + 2 Ric(Vx>", Y) 

Oh 

=Ric^(y,y) + VxRic(y,y) - 2|Ric(y, + — Ric(y,y). 

^ (3.13) 

By (3.6), (3.10), (3.12), and (3.13), 

/2 = / Tp|2-^Ric(y, y) - 2VxRic(y, y) + 4|Ric(y, ■)\^ - — Ric(y, y) - 2|Ric(y, ■)\^ 

Jo { dr T 



+ -Ric{Y, Y) + 2VxRic(y, y) - 2 

T 



2h h"^ 

|Ric(y, •)!' - -Ric(y,y) + -^\y\^ 

T T 



=2r^Ric(g,r)(y(r),y(r))-^-^-^^-^^ + (l-2p) TP-'mc{Y,Y) dr. 



dr 



(3.14) 



By Lemma 1.1, 

SyLpiq, T) =2tP < X,Y > =^ S^^yLpiq, r) = 2t^' < X, VyY > . (3.15) 

By (3.11), (3.14), (3.15), and Lemma 3.1, (3.7) follows. Let {Vi}^^i be an orthonormal 
basis of T^,(-)M with respect to the metric (7(7(7), r). For any i = 1, 2, . . . , n, let Yi the 
solution of (3.6) with Yiij) = Vi. By an argument similar to the proof of (3.10), 

2b 

n. 



<y,(T),y,(T)>= (^) 5,j vi,j = i,2 



Let Ci = Yi/\Yi\. Then Yi{T) — {t /t)^ eiij) . By putting y = y^ in (3.7) and summing over 
z = 1, 2, . . . , n, by an argument similar to the derivation of (7.10) of [PI] in [KL], we get 
(3.8) and the lemma follows. 

Lemma 3.3. Let {q,T) G and let 7, X, be as in Lemma 3.1. Suppose Y{t) is a 
Cp-Jacobi field along 7 with Y{0) = 0. Then 

HessL^^,,^){Y{T),Y{T)) = 2rP < VY(r)X{T),Y{T) > . 
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Proof. Let a : (—£,£) — > M be a curve in M such that a{0) = q, q;'(0) = Y{t). Since 
Op(t) is open, by choosing £ > sufficiently small we may assume without loss of generality 
that «(—£,£) C Op(r). Then for any z G {—e,e) there exists a unique £p(a(2), r)-length 
minimizing geodesic 7^ : [0,t] — >• M which satisfies 72(0) = pq and "iz^j) — Ci{z). Let 
/ : [0, r] X (—£,£) ^ M be given by /(r, 2;) = 72(t) and let 

FM = |(r.O). 

Then y is a £p-Jacobi field along 7 with y(0) = and Yij) = Y{t). By uniqueness of 
solution of the O.D.E. for £p-Jacobi field, Y{t) = Y{t) for any < r < r. By Lemma 
1.1, (1.3) holds. Since 

Lp{f{T,z),T)=Cp{f{T,z),f{;z),T) V|^| < 6, 

differentiating (1.3) with respect to z, 



dz^ " 



=2rP < V.V,/(t, z), VJ{r, z) > +2t^ < Vrf{r, z), V.V./(t, z) > 

+ rr''< V,V,/, VR - '^Wrf - 2WrVrf - 4Ric(V,/, •) > dr 

Jo T 

+ r r^< Vzf, V,{Vi? - {2p/T)Wrf - 2VrVrf - 4Ric(V,/, •)} > dr 
Jo 

=2tP < VzVrfiT,z),Vzfir,z) > +2tP < Vrfir, s),VzVzf{r,z) > +h + h. 

(3.16) 

Note that since 7 is a £p-geodesic, Ii vanishes when z = 0. Since Y{t) is a £p-Jacobi field 
along 7, by the derivation of the £p-Jacobi equation in the proof of Theorem 2.2, I2 also 
vanishes when z = 0. Hence by putting 2; = in (3.16), by (3.15), 

5^Lp{q,T) = 5y^YLp{q,T) +2tP < VyX, F > 
=> HesSi^(,,:p)(r(T),r(T)) = 4Lp(g,T) - (5v,yLp(g,T) = 2tP < VyX, F > . 

Lemma 3.4. Let r e {0,to), v e Up{T), and let b > {1 — p)/2 be a constant. Then 

-^iogjp{v,T)<. — ^!^_+^^ r T^+^^-^RdT — ^ r TP+^'H{x)dT 

dr ^ ' ^-(p + 26-1)t 2tP+^^ Jo 2tP+^^ Jo 

(3.17) 

where the integration is along the Cp-geodesic 7v(t) which satisfies (1.11) and (1.18), 
X{t) = 7;(t), and H{X) is given by (3.9). 
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Proof. We will use a modification of the proof of a similar result for the case p = 6 = 1/2 
in [PI] to prove the lemma. Let : [0,r] M be the unique £p-geodesic which satisfies 
(1.11) and (1.18). Let {V^}^^]^ be an orthonormal basis of T^^(-)M with respect to the 
metric 5'(7t;(T), r). By Theorem 2.8 for any i — 1,2, ... ,n, there exists a i2p-Jacobi field 
Yi{T) along 7„ with ^^(0) = and ^^(t) = Vi. Then by Lemma 3.3, 

2Ric(y,(r),y,(T)) + 2 < Wxir)Yr{T),Y,iT) > 

2mc{UT),Yi{T)) + l^RessL^^,,^^{Yi{T),Yi{T)) Vz = 1, 2, . . . , n. 

^ (3.18) 

For any i = 1, 2, . . . , n, let 1^(t) be the solution of (3.6) with li(r) = Vi. Then by Lemma 
3.2 and (3.18), 

5;W'(^)^ (p + 2.-l)^ +Vi -'-'R-K.^a*-??/ r^i/(X,y.)*. (3.19) 
Summing (3.19) over i = 1, 2, . . . , n, similar to the proof of Lemma 3.2 we have 

^ dr ' ^ ^ - (p+ 26 - 1)t ^ Jo r^^^^ Jo ^ ' 

(3.20) 

Now 

^log^.(«,r) = ^±l\Y,W) = \ti\y>m. (3.21) 

Hence by (3.20) and (3.21) the lemma follows. 

By putting b = {1 — p) in (3.17) we have 
Corollary 3.5. Let f e (0, to) o-nd v e f/p(T). Then 

I log Mv, r) < + -'"'^ "^"-^lo "'""^^^^ ^'-''^ 

where the integration is along the Cp-geodesic 7v(t) which satisfies (1.11) and (1.18), 
X{t) = 7;(t), and H{X) is given by (3.9). 

Lemma 3.6. Let q & M and let 7 : [0,s] — > M 6e a Cp-geodesic satisfying 7(0) = po and 
7(5) = q. Suppose there exists sq G (0, s) such that 7(50) is Cp-conjugate to po along 7. 
Then there exists a vector field Yi along 7 such that 

5l/piq,j,s)<0. 
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Proof. Let X{s) = Y{s). Since 7(so) is >Cp-conjugate to po along 7, there exists a Cp- 
Jacobi field Y : [0, sq] M along 7|[o,so]> ^ ^ 0> such that Y{0) = and y(so) = 0. Since 
y ^ 0, Vjfy(so) 7^ 0. Let 1^ be a parallel vector field along 7 with respect to the metric 
g(so) = g{sl^^^~^^) such that W{so) = V^Y{so). Let 



Y{s) VO < s < So 
Vso < s < s. 



Let h G (O,min(so, s — so)/2) be a constant to be determined later. We choose (j) G C°°(]R), 
< 4> < I on [0,s], such that = for all |s — so| > h and (t){so) — 1. Let Yi{s) ~ 
Yo{s) + X(j)W{s) where A G M is some constant to determined later. Let / : [0,s] x (— £, e) 
be a variation of 7 with respect to Yi such that /(O, z) = po on (— £, e) and /(s, 0) = 7(5) 
for any < s < s given by Proposition 2.2 of Chapter 9 of [C]. By the same argument as 
the proof of Lemma 1.2 (1.9) holds. Differentiating (1.9) with respect to z, by the same 
argument as the proof of (2.6), 

(P ~ ~_ 

^p{f{s,z),f{-,z),s) 



dz^ 



, — [ < V,V,/,s^Vi?-2(l-p)2v,VJ-4(l-p)sT^Ric(VJ,-)> ds 
1 - P Jo 



-2{l-p) I < V,/,VJV,V,/- ,,/ ^^ s^VR 



" 2(l-p) 

2 p ~ ~ 1 

+ sT^Ric(V J, •) > > c^s 

1-p J 

=/i(^)-2(l-p)/2(^) (3.23) 
where 

Ii{z)^-^ I < V,VJ,s^V^-2(l-p)2v,VJ-4(l-j9)sT^Ric(vJ,-)> 
1 - P Jo 



and 



1-p 

Since 7 is a >Cp-geodesic, 



2 / ^ X 

+ Y^^^^- (^Ric(VJ,-)j > rfs. 



/i(0) = 0. (3.24) 
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Since y is a >Cp-Jacobi field on [0,so]) 

/2 (0) = / <Yo + X(j)W, V^W^{Yo + X(I)W) + R{Yo + X(j)W, X)X 
Jo 

2 p — 

+ s^-pcpVwCRiciX, •)) > ds 

1 -p 



=Xl2,i + X'h,2 (3.25) 

where 

2 p ~ 

+ sT^0VvK(Ric(X,-)) > rfs (3.26) 

1 — p 

and 

+ ^^_sT^<^Vvi/(Ric(X, •)) > ds. (3.27) 
1 -p 

Now by (1.8), 

/ <y,v^v^(0w^)> cZs 
= |-<y,Vj^(0w^)>-<v^y,v^(0w^)>-^sT^Ric(y,v^(0w^))Us 



so 



So 




< v^y,v^((^^y) > +Y4^s^Ric(y,v^(<^^y)) i>cZs 

< Vj^y, > - < VjfVj^y, > --^sT^0Ric(Vjfy, w^) 

+ Y^sT^Ric;(y,V^((/)W^))j(is 



_ /"So r ~ 2 ~ 

-|v^y(so)l'+ / U< v^v^y,H^>+- — sT^(/.Ric(v^y,w-) 

^ sT^Rk;(y, V^((/)l^))|rfs. (3.28) 



\-p 
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Since 



=-^(s^Ric(Y,(l)W)) —s^Ric(Y,(l)W)-s^-^(Ric)(Y,(l)W) 

ds 1 — P OS 

- s^V^ (me) {Y,(j)W) - s^mc{V^Y,(j)W) (3.29) 
By (3.26), (3.28), and (3.29), 

/2,i = -|V^y(so)|'+ / " (j)G{W,X,Y)ds (3.30) 

where 

G{W,X,Y) 

= <Y, R{W, X)X - ^^^l-^s^Ww{^R) + j^s^Ww{Rfc{X, •)) > 

2 p - — , ~ , 2 f » 2p 
sT^Ric(V^r,W^) + \ -J—^^ 

p d 
ds 



3-1 ' 



+ < V^V^r, W > -sT^Ric(V^r, W) + -<J ,^^s—Ric{Y, W) 

_ _ - ^ 

+ s^—{Ric){Y,W) + s^V^{Ric){Y,W) + s^Ric{V^Y,W) \. 



Let Ci = 1 + maxo<s<s |G(VF, X, Y)\ and let 



V^r(.o)P 



2Ci 

Then by (3.30), 

h,i<-\\V^Yiso)\'. (3.31) 

We now choose A < such that > A > -|VjfF(so)P/[4(l + Ih^)]- Then by putting 
^ = in (3.23), by (3.24), (3.25), and (3.31), 

4/p(g,7,^) < |A|(1 - j9)(-|V^F(5o)|' + 2A/2,2) < A(l - p)|V^f (5o)lV2 < 

and the lemma follows. 

As a consequence of Lemma 3.6 and the equivalence of the >Cp-geodesic and >Cp-geodesic 
by relations (1.4), (1.5), we have 

Corollary 3.7. Let q E M and let ^ : [0,t] ^ M be a Cp-geodesic satisfying 7(0) = pq 
and 7(r) = q. Suppose there exists tq G (0, t) such that 7(to) is Cp-conjugate to po along 
7. Then there exists a vector field Yi along 7 such that 

By an argument similar to the proof of Lemma 3.6 and Corollary 3.7 we have 
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Lemma 3.8. Let q e Mand let 7 : [0,t] — M 6e a Cp-geodesic satisfying 7(0) = po 
and 7(t) = q. Suppose there exists tq G (0,r) such that q is Cp-conjugate to 7(to) along 
i\[tq t]- Then there exists a vector field Yi along 7 such that 

SY,^p{q,'y,T) < 0. 

Corollary 3.9. 

t/;(T2) C U^in) VO < Ti < T2 < to. 

Proof. Let < ti < T2 < to- Let t; G Up{T2). Then 7^(t2) G f^p(r2) where 7„(-) = 7(-; v) : 
[0, T2] ^ M is the £p-geodesic that satisfies (1.18). By the definition of fip(T2), 7(-;'^) is 
the unique £p(7„(r2), r2)-length minimizing £p-geodesic joining po and ■^v{t2) and ■^v{^2) 
is not >Cp-conjugate to po along 7„. By an argument similar to the proof of Proposition 2.2 
of chapter 13 of [C], 7(-; v)\^q is the unique jCp{'yy{Ti), Ti)-length minimizing £p-geodesic 
joining po and 7«(ri). Suppose 7„(ri) is £p-conjugate to po along 7i^(-)l[o,ri]- Then by 
Corollary 3.7 7„ is not a £p(7„(r2), r2)-length minimizing £p-geodesic. Contradiction 
arises. Hence 7i;(ti) is not >Cp-conjugate to po along 7(-; v)\^q Thus v G f/p(Ti) and the 
lemma follows. 

By Lemma 3.8 and an argument similar to the proof of Corollary 3.9 we have 

Corollary 3.10. Letr G (0, to) o.'iT'd q G M. Suppose 7 : [0,r] — M is the Cp^q^r) -length 
minimizing Cp-geodesic which satisfies 7(0) = pq, 7(t) = q, given by Theorem 1.11. Then 

q e ^luv'^) fo''^ ^''^y < Ti < r. 

Remark 3.11. By Corollary 3.10 and an argument similar to the proof of Proposition 
2.15 of [Yel], (3.2), (3.7), (3.8), (3.17), (3.22), etc. in this section holds in M x (0, to) 
in the harrier sense of Perelman [PI]. 



Section 4 

In this section we will prove the monotonicity property of the generalized reduced 
volume Vp{t) for 1/2 < p < 1. We first start with a lemma. 

Lemma 4.1. Suppose M has nonnegative curvature operator in (0,T). Then for any 
T G (0,to); £ Up{T), there exists a constant Ci — Ci{v,t) > such that 

^^^-(l-p)ng-Cirj^(^^^^^)^ <Q VO<T<T (4.1) 

and 

lim T-^^-P^''Jp{v,T) = (1 -p)-^. (4.2) 

T— >0 + 

Hence 

r-^^-p)^e-^'^Jp{v,T) < (1 -p)-" VO < T < T. (4.3) 
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If M also has uniformly bounded scalar curvature on (0, T), then we can take 



Proof. Let v G Up{T) and let 7^ : [0,t] — M be the unique i2p-geodesic which satisfies 
(1.18). We extend 7^, to a £p-geodesic on [0,t + e) for some constant s e (0,to — t). Let 

n = sup cZolpcTfW) 

0<T<r+e 

and let 

0<r<T+e 

If M also has uniformly bounded scalar curvature on (0, T), by Corollary 1.5 we can choose 
s = to — T and let Ci be given by (4.4). Since M is complete with respect to the metric 
g{T) for any r G (0, to)) -Bo(pO)''i) x [0, r] is compact. Hence Ci < 00. Let H{X) be given 
by (3.9). Since M has nonnegative curvature operator in (0,T), as observed by Perelman 
[PI] by Hamilton's Harnack inequality for the solutions of Ricci flow [H4], 

H{X{r)) > -(1 + ^^^)i?(7(r),r) > -^(=^^i?(7(r), r) VO < r < r. 

(4.5) 

Since v G Up{T), by Corollary 3.9 f G U^ir) for any < r < r. Hence by Corollary 3.5 
and (4.5), 



^(i-p)?i 2p-i r T + £ r pi-p „^ 

T 2t^ P Jq 2t^ p Jq t + e - p 

<ii^ + Ci VO<r<r 

T 



^ log (^T-(^-^^"e-^i Vp(^;, r)^ < VO < r < r 



and (4.1) follows. Let 7^7(5) = 7«(r) and let Jp(t', s) = Jp(f,r) where = v/{l — p) and 
s = T^~P. Then 7^(5) satisfles (1.10) and (1.13) in (0, s) where s = t^~p. We write 

and 

^; = (^\^;2,...,^") 
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in the normal coordinate system around po with respect to the metric g(po,0). Differen- 
tiating (1.13) with respect to , j = 1,2, . . . , n, 

^(0) = Vi,j = l,2,...,n 

Hence there exists sq G (0,s) and functions £j(s) such that — > as s — > for all 
i, j = 1,2, . . . ,n and 

S„ = i±ilW, V,,- = l,2....... (4.6) 

av-? 1— p 

Since 5r(po, 0) = 1 in the normal coordinates around po, by (4.6) 

Jp{v,s) = \/g{pQ,s^)det(^^{s)^ = ^^^^ ■\/ff(po,g^)det(^i. +£;(g)) 
^ lim^-Jp(^;,s) = ^ limdet{5]+e]{s)) = (1 -p)-" 
and (4.2) follows. By (4.1) and (4.2), (4.3) follows. 

Lemma 4.2. Let r e (0,to) ^^^^^ v e Up{T). Suppose 7„ : [0,r] M is the unique 
Cp-geodesic that satisfies (1.18). Then 

lim^^o+lp{-fy{T),T) = \vf. (4.7) 

Proof. Let s = t^~^. Let ri > 0, and 7^ be as in the proof of Lemma 4.1 and let 

Ki = sup {\R\ + \VR\ + |Ric|). 



qeBo{po,ri) 

0<T<T 



Now 



lp{lv{r),T) = ^ pm{^, {p),p)dp+^J^ p^ 1 7; (p) I 'dp = h (r) + /2 (r) (4.8) 
where 

\IiiT)\ < ^-^KiT^P ^ Q asT^O. (4.9) 

By the same argument as the proof of Lemma 1.4, there exist constants C2 > 0, C3 > 0, 
such that (1.17) holds on [0,s]. Then by (1.17), 

/ ^{\v\'-C',e^^^p'+'ndp< p'hM\'dp< --{\v\' + C',p'+'ndp 
Jo Jo Jo 

(4.10) 
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where C'^ = (1 -p)^C3. Now 

I l_(H^ + C5,-^),,<e-(f-^HVC^I^) (4.11) 

and 

/ ! (|^|2 _ C^e^^ V+'^) dp > e-^^"|v|2 - C'^- (4.12) 

By (4.10), (4.11), and (4.12), 

e-C2r|^|2_^.l::P i+2p< IjlP r pP\^' ^p)\^ dp < e""-^ ( \v\^ + C'J—^T^^A . 



Letting r ^ in (4.13), 



(4.13) 



lim Ut) = \v\^. (4.14) 



By (4.8), (4.9), and (4.14), we get (4.7). 

Theorem 4.3. Suppose M has nonnegative curvature operator with respect to the metric 

gij) for any r G [0,T). Suppose M also has uniformly hounded scalar curvature on 
M X (0,T) when 1/2 <p< 1. Let Aq = Oifp= 1/2. For any 1/2 < p < 1 andO <c<l, 
let 



2(2 -p) 2(2 -p)c 
and let tq be given by (0.2). Then 

e-^^^Wp{T2) < e-^°^ii4,(Ti) < (V^/(l - p)Y VO < n < T2 < Ti, 1/2 < p < 1 (4.16) 
where ri = (1 — c)tq if 1/2 < p < 1 and ti = to if p = 1/2. 

Proof. Let p e [1/2, 1), < T2 < fi, and v e Up{T2). Let 7 = 7^: [0, T2] ^ M be the 
unique >Cp-geodesic that satisfies (1.18) and let X{t) = Y{t). By Corollary 3.9 and its 
proof, V e U'p{r) for any < r < T2 and 7|jq ^-^ is the unique Cp{'^v{j), r)-length minimizing 
£p-geodesic between pq and 7a;(T) for any < r < T2. Hence Lp(7(t),t) = £p(7(t),7,t) 
and 

^(7(r), r) = |-£p(7(r), 7, r) = rP(i?(7(r), r) + |X(r) p) VO < r < r2. (4.17) 

When there is no ambiguity we will write R, X, Lp, and Ip for R{'y{T), r), X{t), Lp(7(t), t), 
and Zp(7(t),t). Then 

^(7(^).^)=-;3^^(7(t),t)- i^p(7(T),T) 

= ^^[^'+'(^+l^l')-(l-p)^p] V0<r<r2. (4.18) 
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Now by (1.11), 

=R^+<X, Vi?> +2 <X, VxX > +2Ric(X,X) 

ar 

2» 

=Rr+ <X,VR> + <X,VR- —X -4Ric{X,-) > +2Ric(X,X) 

T 

=Rr + 2< X,VR> -2Ric(X,X) -—\X\^ 

T 

= _ H{X) - ^(i? + \Xf) + ^^i? (4.19) 

T T 

where H{X) is given by (3.9). Hence 

-^[TP+i(i?+ |Xp)] =rf+i( |x|2) + l^±l)(i?+ |X|2)1 

ar ydr ) 

=tP+4-H{X) - ^(i?+ |X|2) + l^±Il(i?+ |X|2)1 

T T T J 

= _T-p+ii^(X) + (1 -p)rP(i?+ |X|2) + {2p-1)tPR VO < t < T2. 

(4.20) 

Since 

limr^+^lXp = (4.21) 

T— »0 

by (1.18), integrating (4.20) over (0,t), 

tP+\R+\X\^) = - [ pP+^H{X)dp+{l-p)Lp + {2p-l) [ pPRdp V0<r<T2 

=^ {l-p)Lp-TP+\R+\X\^)^ [ ff+^H{X)dp-{2p-l) [ pPRdp V0<T<T2. 

7o Jo (422) 

Let 

Zp(^;,T) = T-(^-P)"e-^^(^''(^)'^)e-^°"Jp(w,T). 
By Corollary 3.5, (4.18), and (4.22), VO < r < T2, 

log Zpiv, ^)=t^i^ p'-'R " ^ r - 

+ ^^^:^{[ P'^'HiX) dp - {2p - 1) j^^ pPRdp^ 

•^^"^ r p'-^Rdp-Ao--^ r p'-P{l-2{l-p)p'P-')H{X)dp. 
Jo "Jo (4.23) 



< 
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When p = 1/2, the right hand side of (4.23) is < 0. When 1/2 < p < 1, by Corollary 1.5 
we can extend 7 to a £p-geodesic on (0, (1 — c)tq). Since T2 < (1 — c)to, by the Hamilton's 
Harnack inequality [H4] and an argument similar to the proof of (4.5), 

H(X(t)) > -— i?(7(7(T), r) VO < T < (1 - c)to (4.24) 

CT 

By (4.24) when 1/2 < p < 1, the right hand side of (4.23) is bounded above by 

< £ p'-^Rdp -Ao+ p^-^(l - 2(1 - p)p'^-')Rdp < 

for any < r < (1 - c)to. Hence by Corollary 3.9 and (4.23), 

Zp{v, T2) <Zp{v, n) VO < n < T2, V e %{t2) 

=^ / Zp(v,T2) dv < / Zp(v,Ti) dv < / Zp(v,Ti) dv VO < Tl < T2 < Tl 

JU;{t2) JU'^{t2) JU'^{Ti) 

e-^^^Wp{T2) <e-^°^Wp{Ti) V0<Ti<T2<Ti. (4.25) 
By (4.25), Lemma 4.1, Lemma 4.2, and the monotone convergence theorem, 

e-^°^^Vp{T2) < I lim Zp{v,T)dv < {1 - I e^l^I'dv = (V^/(l -p))" (4.26) 

holds for any < T2 < tq. By (4.25) and (4.26) we get (4.16) and the lemma follows. 



Section 5 

In this section we will assume that (M, g) is an ancient solution of the Ricci flow in 
(—00, 0). We will fix a point (po)*o) & M x (— oo,0) and let g and g be related by (0.5). 

Unless stated otherwise we will also assume that M has nonncgative curvature operator 
with respect to g{T) for any < r < 00. We will consider the £p-length, Lp-distance, 

V^(t), etc. all with respect to this point (po, ^o)- We will derive various scaling properties 
of these geometric quantities in this section. For any t > 0, let 

g'{r) = ^g{TT) Vt>0. 

and let R'^{q,T) be the scalar curvature of M at with respect to the metric g'^ir). We 
also let £p, L^, 1^, Vp be the corresponding Cp, Lp, Ip, Vp functions with respect to the 
metric g'^ . Note that 

R^(q^ r) = TR(q, tt) \/qeM,T,T> 0. 

For any curve 7 in M we let 7"^ be the curve in M given by 7^(p) = ^irp). 
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Lemma 5.1. Let 7 : (ti,T2) M be a Cp-geodesic in (ti,T2). Then for any r > 0, 7"^ is 

a Cp-geodesic with respect to g'^ in (ri/r, T2/T). //ti = and 7 satisfies (1.18) for some 
V G Tp^M , then 7^ satisfies (1.18) with v being replaced byT^~^v. 

Proof Let X{t) = X(7(r)) = Y{r) and let X^{p) = X^{-f{p)) = -f'{p)- Then X^{p) = 
tX{tp), and Vti < p < T2, F e Tj(jp)M, 



{VxX){tp) = ^X{tp) = --X{tp) = -^(V^.X-)(p) 



< VxX(Tp),y >,(:pp)= I < Vx^x>),y >^^(^), (5.1) 



Ric,(^,)(x(Tp),r) = ^RV(,)(x>),r) 
^ < vi?(7(Tp),Tp),y >3(^p)= ^ < vi?^(7(Tp),p),y >gT(p) . 

Since 7 satisfies (1-11) in (ti,T2), by (1-11), (5.1), and (5.2), Vri < p < r2,F € T^(yp)M, 

< Vx^X^- ^Vi?^+ ^X^+2Ric,^(,)(X^-),>^ >,^(p)= 

^ V^tX^ - ^ Vi?^ + + 2 RiV(p) (X^, •) = Vn < p < T2. 

If Ti = and 7 satisfies (1.18) for some v e Tp^M, then 

lim pPX~{p) = lim pPtX{tp) = t^'P lim (tp)^X(tp) = r^-^'^; 

p^O p— »0 p— »0 

and the lemma follows. 

Lemma 5.2. For any q e M, r > 0, r > 0, the following holds. 

(ii)i;(g,T) = T'-^%{q,TT). 

Proof. Let 7 e T{q,TT). Then 7"^ e T{q,T). Let X and X"^ be as in the proof of Lemma 
5.1. Then 

4(5' 7^ r) = pni?^(7^(p), P) + I^^(P) 

= rp^(ri?(7(rp),Tp) +T|X(rp)|^ )dp 
^0 

= ^ fj zP{R{l{z)^z) + \X{z)\l^^^)dz 

= ^Cp{q,-f,TT) (5.3) 
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Since 

by taking infimum in (5.3) over 7 e J^{q,TT), (i) follows. By (0.6) and (i), (ii) follows. 
Lemma 5.3. There exists a constant C > such that 

|V^"(^)/JP(g,r)+4^1^i?%,r)<-^5(g,r) Vr > 0, r > 0, g G O^(rr). (5.4) 

Proof. We will use a modification of the proof of this result for the case p= 1/2 and r = 1 

in [PI] to prove the lemma. We will first prove (5.4) for the case r = 1. Let r > 0, and 
q G fip(r). By Theorem 1.11 there exists a unique Cp{q, r)-length minimizing £p-geodesic 
7 satisfying 7(0) = po, 7(r) = q. Let X{p) — Y{p) ^or any p G [0, r]. Choose tq > 2t. 
Then r < to/2 and (4.24) holds with c = 1/2. Hence by (4.22) and (4.24), 

(i?(g,r) + \X{T)f) <-^(c^L,{q,T) - £ p^+'H{X)dp^ 
<-L_(^C^Lp^q,T) + 2 j^^ p^Rdp 
<^^L,{q,r) (5.5) 

where H{X) is given by (3.9) and 

' {l-p) if0<p<l/2 



Ci 



p ifl/2<p<l. 



Then by (0.6), (3.1), (5.5), 



[4r2^( |X(r) |2 + i?(g, r)) - Ar'^Riq, r)] 
(l-p)V4C; 



- r2(i-p) 



(;^Lp(g,r)-4r^^i?(g,r)) 



Vr>0,gGf],(r) 

where C( = Ci + 2. Hence by (5.6) and Lemma 5.2 for any r > 0, r > 0, g G flp{TT), 

|V^"(^)/;(g,r)p=r-r^(^-^^)|V/p(g,rr)|2 

<^3-4p^ 4(l-p)C( _ 4(1 -p)2 ^ 

^ 4(l-p)C( 4(1 -p)2 

^ -r2(l-p) ^2(l-2p) (^'^) 

and (5.4) follows. 
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Lemma 5.4. There exists a constant C > such that 
BF r(a t) 

-^{q,r) <C^^ W>0,r>0,qeQ,{rr). 

OT T 



(5.7) 



Proof. We will use a modification of the proof of this result for the case p = 1/2 and r = 1 
in [PI] to prove the lemma. We will first prove (5.7) for the case r = 1. Let r > 0, and 
q e ilp(r). Let 7 and X be as in the proof of Lemma 5.3. Then by (3.1) and (5.5), 



=2tPR-tP{R+\X\ 



dL 



Or 



<T^{R+\X\^)<^Lp{q,T) 



(5.8) 
(5.9) 



where C( > is as in the proof of Lemma 5.3. By (0.6) and (5.9), 

(1-p) 



dip, . 



-i-p 



dLp, . {l-p) 

ri^l^V Lp{q,T) 



dr 



(5.10) 

For the general case we let r > 0, p > 0, and q e llp(Tp). Then by Lemma 5.2 and (5.10), 



dll 



^^[T'-^np{q,Tp)] 



TP 



and the lemma follows. 

For any r >0, q e M, we let 

and 



Lp{q,T) = PLp{q,T) 



n 



GpiQ, t) = Lp{q,T) - —T 
Gp{r) = inin Gp(q,t). 



(5.11) 



(5.12) 



Note that by Lemma 1.7 Gp{T) is well-defined. 
Lemma 5.5. Gpir) is a decreasing function ofT>0. 

Proof. Let r > and q e Qp{T). Let 7 and X be as in the proof of Lemma 5.3. By (4.22) 
and (5.8), 

^{q,r) = 2TPR-^^—P)-Lp{q,T) + - f p^+' H {X) dp - ^^^^ f p^Rdp (5.13) 
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where the integration is along the curve 7. Putting 6 = 1/2 in (3.8), 

AL^(9, r) < -2T^R{q, r) + + C p^Rdp -- f p^+^H{X) dp (5.14) 

By (5.13) and (5.14), 

^(g,T) + AL,{q,T) < 2^ - ^^^L^(g,T) Vr > 0,g e n^ir) 
^{q,r) + AL,{q,r) < T'-^(^^{q,r) + AL,(g,r) + ii^L,(g,r)) = ^ 
^ -gf{q,r) + AGp{q,T)<0 Vr > 0, g G ^^(t). (5.15) 

By (5.15), Corollary 3.10, Remark 3.11, and an argument similar to the proof of Proposi- 
tion 2.15 of [Yel], 

dC 

—^iq,T) + AGp{q,T)<0 in MX (0,00) (5.16) 

OT 

in the barrier sense of Perelman [PI]. By the same argument as the proof of Lemma 3.1 
of [Ycl] but with (5.16) replacing (3.1) in the proof there the lemma follows. 

Corollary 5.6. 

^'^f'-^'^^i^ W>0,r>0. (5.17) 

Proof. Let r > and r > 0. By Lemma 5.5, 

/ , n \ fr'^i'^-p) n \ 

= G,(0) > G,(r) = min (r'-L,(,. r) - j = min r) - -r j 

By Lemma 5.2 and (5.18), (5.17) follows. 

By Corollary 5.6 for any r > there exists g(T) e M such that 

i;{qir), 1) = min/;(g, 1) < ^^i^. (5.19) 

Lemma 5.7. For any ro > 0, T2 > ri > 0, there exists a constant Ci = Ci(ro,Ti,T2) > 
such that 

R^{q,T) + i;{q,T)<C^ (5.20) 
holds for any ri < r < T2, r > and q & M satisfying 

dgT^i){qir).q)<ro. (5.21) 
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Proof. Let ti < r < T2, r > 0, and ^ G M satisfy (5.21). Let 7 : [0,d] ^ M be a 
minimal normalized geodesic joining q and q{T) with respect to the metric g^{l) where 
d = dgT(^i^{q{T), q). Then by Lemma 5.3, 



\i;{q,ir^-iMr),ir^\ 





f 




Jo 




f 

Jo 








r 


J 





<Cd 


<Cro 



<V«"«Z;(7(p),l)^y(p) dp 



i;{q,l)<{i;{q{T),lf^+Crof < r < r^. (5.22) 

By Lemma 5.4 there exists a constant a > such that Vr > 0, ti < r < T2, 

^ ' (5.23) 



i;{q,T)<i;{q,l){T'^ + 



holds for any q G Op(rr2). Since Op(rr2) is dense in M and lp{q,T) is a continuous 
function, (5.23) holds for any g e M. Hence by (5.19), (5.22), and (5.23), 

i;{q,T) < (Vn(l -p)/(2p) + Crofi^T^ + Vn < r < T2. (5.24) 

By (5.24) and Lemma 5.3, (5.20) follows. 
Since 

d - 

by (5.20), Lemma 1.6, Lemma 5.3, Lemma 5.4 and an argument similar to the proof of 
Lemma 5.7 we have the following lemma. 

Lemma 5.8. For any ro > 0, T2 > ti > 0, there exists a constant C > such that 

l^p(9i,T) - /p(<?2,T)| < C(igT(i)(i?i,Q2) Vr > 0,Ti < r < r2, andqi,q2 satisfying (5.21) 
\11{q,Pi) -^1{q,P2)\ < C\pi -P2I Vt> 0,pi,P2 e [ti,T2] and q satisfying (5.21). 



By Lemma 5.7, Lemma 5.8, and an argument similar to the sketch of proof of Propo- 
sition 11.2 of [PI] and a diagonalization argument we have 
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Corollary 5.9. Suppose {M,g) has nonnegative curvature operator in (—00, 0). If {M,g) 

is K-noncollapsing on all scales, then there exist a sequence {qi}'^i C M and a sequence 
C M"*", Ti ^ 00 as i —>■ 00, such that l'^*{q,T) converges uniformly on 

as i —>■ 00 for any tq > and T2 > ti > 0. 
For any r > 0, p > 0, < p < 1, let 

Jm 



Theorem 5.10. Suppose {M,g) is an ancient n-solution of the Ricci flow. Let g and g 
be related by (0.5) for some constant to < 0. Let tq > for 1/2 < p < 1 and tq = for 
p — 1/2. When 1/2 < p < 1, suppose also that (M, g{T)) is compact and satisfies (1.21) in 
M X (0, 00) for some constant C2 > 0. Let Aq = Q forp = 1/2 and Aq be given by (4-15) 
with c = 1 for 1/2 < p < 1. Then for any 1/2 < p < 1 there exist constants Ai > 0, 
A2 > 0, such that e-^(^'^)T/~(p) is a monotone decreasing function of t > tq for any p 
satisfying (0.3) where 

W{t, p) = {Aop + Aip^P + A2p'^-3e2'=2^^)T (5.25) 

with Ai = A2 = forp = 1/2. Moreover (O.4) holds for any 1/2 < p < 1. 

Proof. Let p satisfy (0.3), ti > tq, and v e Up{Tip). Let 7„ : [0,Tip] — > M be the 
unique £p(7„(Tip), Tip)-length minimizing >Cp-geodesic given by Theorem 1.11 which sat- 
isfies (1.18). By Corollary 3.9 and an argument similar to the proof of Theorem 4.3, 
V e Up{Tp) and Lp{-f{Tp),Tp) = Cp^yijp), 7,Tp) for any < r < ti. Let 

Zl{v,p) = T-tp-^e-^(^'^)e-^^"'^'^(^^(^^)'^^) Jp(^,rp) 

where VF(r, p) is given by (5.25), Ai > 0, A2 > 0, are constants to be determined later 
for 1/2 < p < 1 and Ai = A2 = for p — 1/2. By Lemma 5.2, Corollary 3.5, (4.18) and 
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(4.22), for any tq < r < ti, 
^logZ;(v,p) 

- (^op + ^ip'^) - 2c2^2p'^-'Te2'^^^^ 

< - ^ - + =^ (^) dn:-[2p-l) n:^R d.) 

(l-p)n 2p-l r\i-p^^^_ 1 rw^-PH{X)dw 

- {Aqp + ^ip2f ) _ 2c2^2p'^"'Te2'^^^'' 

< - (2p - 1)^ + i^i, + J^" - (Aop + A,p2-) 

- 2c2A2p2^-2re2-^^^ - -53^ r(l-2{l-p)('^\^' \'-PH{X)dw 

2t V-^io V \rj J ^5 26) 

where the integration is along the curve 7^,. We now divide the proof into two cases. 
Case l :p = 1/2. 

Then the right hand side of (5.26) is < for any tq < t < ti. 
Case 2 :1/2 < p < 1. 

Since M has uniformly bounded Ricci curvature, by Corollary 1.5 we can extend 7^ to 
a >Cp-geodesic on (0,oo). For any < c < 1, r > 0, choose tq such that r < (1 — c)to. 
Then by the Hamilton Harnack inequality [H4] (4.24) holds. Letting tq ^ 00 and c — > 1 
in (4.24), 

H{X{t))>--R{^{^{t),t) Vt>0. (5.27) 

T 

By (5.27) the right hand side of (5.26) is bounded above by 

< - (2p - 1) ^ + ^^^l, + fj w'-PR dw - {Aop + A.p^n 

- 2c2A,p^P-'Te'^-^P + (1 - 2(1 - P) ) ' ^w^-PRdw 

<-{2p-l)^ + ^^1^/, - A.p^P - 2c2A2p2^-W'=-^ (5.28) 

Since M is compact and satisfies (1.21), by (0.6) and Lemma 1.8 there exists a constant 
Co > such that 

/p(7«(rp),Tp) < C,{{TpfP+-^^^y (5.29) 
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Let Ai = {2p - l)Co and A2 = {2p - 1)Co/(2c2T^). Then by (5.28) and (5.29) the right 
hand side of (5.26) is < for any Tq < T < Ti. 

By case 1 and case 2 and an argument similar to the proof of Theorem 4.3 we get that 
g-iv(r,p)^T^p^ is monotone decreasing function of r > tq. Hence when p — 1/2, Vp{p) 
is a monotone decreasing function of r > 0. We now write 

By Theorem 2.2 and CoroUary 3.9 there exist constants tq > and ri > such that 
B(0,ri) C Up{Tp) for aU < T < tq. Since i3(0,ri) is compact and the solution of a 
£p-geodesic depends continuously on the initial data, by an argument similar to the proof 
of Lemma 4.1, for any £ > 0, there exists ti e (0,to) and a constant Ci > such that 
V^; e i3(0,ri), 

(1 -p)-" - £ < (Tp)-(^-P)"e-^i^^Jp(^;,Tp) < (1 -p)-" + £ VO < T < Ti. 



Hence e B(0, ri), < r < ri, 

C(^,p) < e^i^^-^(^'^)((l -p)-" + e)p^[r-t(2p-i)e--^-'"^p(7.(-p)>Tp) 



(l-p)rt 



M . (5.30) 
Z;iv,p) > e^^^^-^(^'^)((l -p)- -£)p^[r- t(2p-i)e-r-^-/,(7.(rp),rp)]_ 



Let 

By the proof of Lemma 4.2 there exists constants C2 > 0, C3 > 0, > such that (4.8), 
(4.9), and (4.13) holds. Let C4 = (1 -p)Ki/{l+p) and C5 = C^(l -p)/{2 + p). Then by 
(4.8), (4.9), and (4.13), 

g{v,T,p) <— t(2p-l)g-ri-2^[-C4(rp)2^+e-^2Tp|„|2_^^(-^)i+2pj 

(5.31) 

Similarly 

g{v,T,p) > ^-t(2p-l)e-e^-''(kl/^'^-^'/^)^-C4^P^^-C.^^P^+^^e--^ ^ (5 32) 

Hence 



< gC4Tp2*'+C6T2pi+2^+(nC2/2)Tp f e-l^'l'dv' 

< gC4rp2p+C5rV'+'^ + (nC2/2)-p^f 

limsup / g{v,T, p) dv < TT^ . (5.33) 
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By (5.30) and (5.33), 

limsupFj(p) < [(1 -p)'"^ + e]TT^ 

limsupi/J(p) < (1 -p)-"7rt as e ^ 0. (5.34) 

Similarly by (5.32), 



r-*-0+ 



/ g{v,T,p)dv > e-W--C?5rV^+^--(nC2/2)rp f 



|2 



e-l^l dv'. (5.35) 

'B(0,ri) JB{0,r2) 
2p— 1 C2~P 

where r2 = r 2 e~2~ri. Since r2 — > 00 as r — > 0, letting r — > in (5.35), 

liminf / g{v,T, p) dv > tt^ . (5.36) 

^^^0+ JB(o,ri) 



By (5.30) and (5.36), 



liminf Fp(p) > [(1 -p)-" -£]7rt 

liminf Fp(p) > (1 - p^n^ as £ ^ 0. (5.37) 

T— >0 + 



By (5.34) and (5.37), (0.4) follows. 



Section 6 



In this section we will prove a conjecture on the reduced distance / and the reduced 
volume V{t) used by Perelman in [PI]. This result was used in the proof of Proposition 
11.2 of [PI] but no proof was given by Perelman in [PI]. We will assume that {M,g) is 
an ancient K-solution with g and 'g being related by (0.5) for some fixed to < 0. For any 
T > 0, let 0(r) = Oi(r). Wc also fix a point po E M and have L{q,T), V{t), etc. all 
defined with respect to the reference point (po^to). 

By an argument similar to the proof of Theorem 6 of [HI] we have 

Lemma 6.1. Let T2 > ti > 0. For any tq > there exists a unique solution < / e 
C-(Bo(Po,ro)x[Ti,T2]) of 

fr = ^f- Rf in Bo{po, ro) x (n, T2) 

f{q, t) = T-te-'(3'^) on dBo{po, ro) x (n, T2) (6.1) 
f{q,n) = r-^e-'(^'-i) in 5o(po,ro). 

We now state and prove a conjecture of Perelman (cf. Proposition 11.2 of [PI])- Note 
that this conjecture was used implicitly by Perelman in his proof of Proposition 11.2 but 
no proof of it was given in [PI]. 
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Theorem 6.2. Suppose V{ti) = V{t2) for some T2 > n > 0. Then l{q,T) e C°°{M x 
and satisfies 
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Ir - Al + lWll"^ - R+ — = (6.2) 
in M X (ti,T2) in the classical sense. 

Proof. Suppose V{ti) — V{ti) for some T2 > ti > 0. Let ro > and let / be the solution 
of (6.1) given by Lemma 6.1. Let 

Q(0)= / {Vl-V(t>+{lr + m''-R+^)(t>}dVg^r^dT. 

Jti Jm ^'^ 

By [Yel], 

g(0) = (6.3) 
holds for any Lipschitz function (j) on M x [ti,T2] which satisfies 

J |0(?,r)| < Ce-'(«'^) yqeM,Ti<T<T2 
\ |V(/)(g, t)| < Ce-'^'^'^) Vg e M, n < r < T2 

for some constant C > 0. Let h{q, r) = T-te-'(«'^). Then by (6.3), V0 e C^(M x [n, T2]), 
Q(h(f)) = =^ /" ' /" [(/i^ + Rh)(l) + Vh ■ V0] dVg^r) dr = 0. (6.4) 

Let < G Co°"(So(po,ro)). For any p e (ti,T2], let < V e C^{Bo{po,ro) x [n, p]) be 
the solution of 

V'r + AV' = in Bo{po, ro) x (n, p) 

V'(?,r) = on dBo{po,ro) x {n, p) (6.5) 
'4^{l,p) = d in -Bo(po,^'o)• 
For any k e Z+, let r/, = {2k - l)ro/{2k) and rjk G C^{Bq{po, tq)), < < 1, such that 
?7fc = 1 on -Bo(po, ''A;) and 77^ = on M \ Bq{pq, ro). Then by (6.1), (6.4), and (6.5), 

{f-h){q,p)e{q)dVg^,^ 

) 

if - h){q,p)'ip{q,p)dVg^p)- / {f - h){q,Ti)'i/;{q,Ti) dVgt^^^^ 

) ''Boipo,ro) 

Tizif {f-h)i;dVg^^^dr 

Jri \JBo(po,ro) J 



Bo{po,ro) 

r , 



: r [ [{fr - hr)ll^ + (/ - h)l(;r + i?(/ - /i)V'] dVg^r)dr 

: [ [i;Af + (/ - /i)V',] dyg(,)dT - /" / {hr + i?/i)V' cZV^g(r)(^r. 

Jti JBo{po,ro) -'ri J Bo{po,ro) {Q.Q) 
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Now by (6.4), 

Jti JBo{po,ro) 





'n JBo{po,ro) 

f I {V{hr]k) ■ Vip + ipVh ■ Vr]k - hVip ■ Vr]k) dVg^r)dr 

hrjkAi/; dVg(^r)dr - f f i^Vh ■ Vrjk dVg(^r)dT 

'n JBo{po,ro) Jti J Bo(po,ro) 

+ f j hVi;-Vr]kdVg^r)dT. (6.7) 

Since V/i G L°°{Bo{pq, tq) x [ti, p]) by the proof of Lemma 2.11, letting A; — > oo in (6.7), 

f {hr + R)^ dVg^r)dr 

Ti J Ba{po,ro) 

= 11 hAiP dVg^r)dr - I' I h^dadr. (6.8) 

Jti ./Bo(po,ro) Jti JdBo{po,ro) 

By (6.1), (6.6) and (6.8), 



/ {f-h){q,p)e{q)dVg^,^ 

J Bo (po.ro) 

^ [M/ - hAi; + (/ - /i)Vr] dVg^r)dT + [ dadr 

Jti JdBn(vn,rn) ^"^ 




'ti J Bo{po,ro) Jti JdBo{po,ro) 

= f I {f-h){^Pr+Ai,)dVg^r^dT 

Jti J Bo{po,ro) 

<0. (6.9) 

We now choose a sequence of smooth functions 9k £ Cq°(So(po5 '^o)), < ^/s < 1, such 
that 6k — > sign(/ — h)+{q, p) as A; — > oo. Putting ^ = in (6.9) and letting A; — > oo, 

/ if -h)+{q,p)dVg^p)<0 Vti<p<T2 ^ f<h in So(po, ro) x [n, T2]. 

J Bo (po,To) 

(6.10) 

Similarly we have 

/ {h- f) + {q, p) dVg^p) < Vti < p < r2 ^ h<f in So(po, ^o) x [n, T2]. 

J Bo (pc^o) 

(6.11) 
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Since ro > is arbitrary, by (6.10) and (6.11), 

^-fe-'('?'^) = /i(g,T) = /(g,T) ^qeM,Ti<p<T2 (6.12) 
^ /(g,T)eC°°(Mx[Ti,T2]). 

By (6.1) and (6.12), (6.2) follows. 

By Theorem 6.2 and an argument similar to that of [KL] and [Yel] we have 
Theorem 6.3. Suppose V{t\) = V{t2) for some T2 > ti > 0. Then l{q,T) satisfies 

I — n 

2AZ-|V/P + i?+ = VgeM,Ti<T<T2 

T 

and ^ 

RijiQ: ^) - -^9ij{Q, r) + ViVjl = 

in M X (ti,T2). 

Lemma 6.4. Letr > and q G M . Suppose 7 is the C{q, T)-length minimizing C-geodesic 
given by Theorem 1.11 which satisfies 7(0) = po and 7(t) = q. Then for any Sq e (0, 1), 
there exists a constant C — C{do) > such that 

^i^^}h^^lh^<C{l + l{q,T)) Wdo<d<l. (6.13) 

T 

Proof. We will use a modification of the proof of Lemma 3.2 of [Yel] to prove the lemma. 
Let T > 0. Since ^{r) is dense in M and l{q,T) is continuous in q, it suffices to prove 
(6.13) for q e n{T). Let 60 < S < 1. Then 

dr{l{ST),q) 
^ Jo J'p^P^^^^P^'^^P^^'^P 

= £ (§-^d,ij{5p), 7(p)) + 5Vid,{^{5p), 7(p)) ■ I'iSp) + Vnd,h{5p), 7(p)) ■ 7'(p)) dp 
=h+h + h (6.14) 

where V/ and V// is the gradient with respect to the first and second argument respec- 
tively. Now by (0.6), (3.1), and Lemma 5.3, 



L{l{5p),5p) 
2^p 



1 / L(7(r),r) 



<C(M"^ ( ' ) < Ci5op)-^T-Wliq.r). 

60 



Hence 

h<C'T^Vl{q^. (6.15) 

Similarly, 

l3<CT^VK<l,r). (6.16) 
For any < p < r, let x{p) = ^{Sp), y{p) = 7(p), and 

^o(p) = (i(g,T) + l)-^piT-i 
Then for any x e Bp{x{p), ro(p)), by Lemma 5.3, 

VKx,P) < VMphi) + -^^-oiP) < VMphi) + C{l{q, r) + l)--^ph--s. (6.17) 

By Lemma 5.4 there exists a constant C > such that 

l{x{p),p) <5-^l{x{p),Sp) VO<p<T 
^ lixip),p)<S^^'^^<d-''-'^p-hhiq,r). (6.18) 



By (6.17) and (6.18), 

^/l{^<Cp-h-^^/li^+Ciliq,-) + l)-hh--s Vx G Sp(a;(p), ro(p)) 

<C{p-h^ + ph-^)^/l{q,T) + 1 yxeBp{x{p),roip)). (6.19) 

By Lemma 5.3 and (6.19), 

R{x,p) < C^S^ < Cp-\p-h-^ + p-ST--sf{l{q,T) + 1) Vx e Bp{x{p),ro{p)). (6.20) 
Similarly 

i?(a;,p) < Cp-\p--^T-^ + p-ST--sf{l{q,T) + 1) Vx G 5^(y(p), ro(p)). (6.21) 
By Lemma 8.3(b) of [PI] and (6.20), (6.21), 

^c^p(7(5p),7(p)) <C[p-'(p-M +p^r-^)2(/(g,r) + l)ro(p) +ro(p)-^] 
<C(p~^T^ + p~^T~i + p~^ + p~^r5)y;(^^^)"IjrT. 

Hence 

h < C^l{q,T) + l f {p-iri +p-h-i +p-5 +p-h^)dT < CT^y/l{q,T) + 1. (6.22) 
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By (6.14), (6.15), (6.16), and (6.22), we get (6.13) and the lemma follows. 

We now let {Ti}'^i be a sequence of positive numbers such that — > oo as z ^ oo. 
For any i e Z+, r > 0, let 

Jm 

where giir) = g{Tir)/ri and li{q,r) is the I = li function with respect to gi{r). Since by 

Lemma 5.2 Ij(g, r) = l{q, Tir), Vi(r) = V{TiT). As observed by Perelman [PI] there exists 
a sequence {qi}'^i C M and a subsequence of {r^}^^ which we may assume without loss 
of generality to be the sequence itself such that the sequence of pointed manifold (M, gi,qi) 
will converge in the sense of Hamilton [H6] < r < oo to some pointed manifold (M, g, go) 
which also satisfies the backward Ricci flow as z — > oo. 

That is there exists a sequence of open sets Ui C M with go £ Ui for all z e Z+ and 
a sequence of diffeomorphisms Fi : Ui ^ Vi where qi e Vi is open in M and Fi{qo) = qi 
such that for any compact set K G M there exists zq G Z+ such that K G Ui for all 
i > io- Moreover if gi = F*{gi) is the pull-back metric of gi, then the metric gi and all its 
derivatives will converge to g and the corresponding derivatives uniformly on x [a, b] as 
z — > oo for any < a < 6 < oo. 

Moreover Ij(gj, 1) <n/2 for all z e Z+ and Ij(g, r) converges uniformly on Sg.(i)(gj, r) x 
[a, b] to some function l{q,T) as z — > oo for any r > and < o < 6 < oo. By Lemma 
5.3 and Lemma 5.4 we may assume without loss of generality that Ii.r(g, t), V/i converge 
weakly to Jriq^r) and Vl respectively as z ^ oo. Then I^-, |Vl| G Lf^^{M x (0, oo)). 
Perelman [PI] also proved that Vi(r) decreases and converges to some positive constant 
Vq which is independent of r G (0, oo) as z — > oo. Let Rij{q,T) and R{q,T) be the Ricci 
curvature and scalar curvature of M with respect to the metric g{q,T). By an argument 
similar to the proof of Theorem 6.2 and Theorem 6.3 we have 

Theorem 6.5. I(g, r) G C°°{M x (0,oo)) andJ{q,T) satisfies 

— — — ^ 7X 

lr-Al + -R+ — = 

2t 

in M X (0, oo). 

Theorem 6.6. Let q G M. Let qi e M be such that q = \im.i^oo (qi) . For each 
p > 1, z G Z+, let 7i : [0,7^/9] ^ M be the Ci^i^Tip) -length minimizing C-geodesic given 
by Theorem 1.11. Let 'yj*{w) = '-yiijiw), < w < p. Then there exists a C-geodesic 
7 : (0,p] —>■ M with ^{p) = q which is a C^^^l\q, p)-length minimizing C-geodesic on 

[po,p\ for any po G (0,p) such that for any pQ G (0,p) ^l^{w) will converge uniformly on 
Po <w < p to a C-geodesic of M with 7(p) = g as z —> oo. 

Proof. Let q e M and let p > 1. We choose q^ e M such that g = limj^oo F~^{q^). Let 
6 > a > 0. Since dg.(^y^^{qi,q^) converges uniformly to dg(^^){qo, q)ona<w<baisi—> oo, 
there exists a constant Ci > such that 

dg,^p){qi,qi) < Ci VzGZ+. (6.23) 
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Since li converges to I uniformly on Bg.(^i^{qi,r) x [a, 6] as z — > oo for any r > 0, b > a > 0, 
there exists a constant C2 > such that 

~lM,p)<l{q,p) + C2 VzeZ+. (6.24) 

Let So G (0, 1). By Lemma 5.1 and Lemma 6.4 7]"' : [0, 1] — > M is a minimizing >C-geodesic 
with 7^*(1) = Qi and 

^»(n.)(7.(«np)^ < C(l + lfe,r.p)) V*„ < 5 < 1, « 6 Z+ 



Tip 

dg,{p){lT{8p).qi? 



P 

By (6.24) and (6.25) there exists a constant C3 > such that 



< C(l + Ii(g^, p)) V5o < 5 < 1, i e Z+. (6.25) 



2 



<C3 V5o < 5 < l,i e Z+. (6.26) 



P 

By (6.23) and (6.26), 

dg,{p){lT{^p):qi) < C-i + V5o < 5 < l,z e Z+. 

Hence by the Hamilton compactness theorem [H6] and Lemma 5.1 7^^' will converge uni- 
formly on po < T < P to a £-geodesic of M with 7(p) = g as i — > cxd for any po G (0,p). 
Since 5q is arbtiary, limi^oo ll^i^p) exists for any 5 G (0, 1). For any < r < p, let 

7(t) = lim 7;*(r). 

Then 7 : (0, p) — > M is a £-geodesic of M with 7(p) = q. Since each 7^"* is a C{qi, p)-length 
minimizing £-geodesic, 7|r 1 is a >C^*^^i'*(g, p)-length minimizing >C-geodesic on [po,p] for 
any po G (0, p) and the theorem follows. 
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